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A SMOOTHING ALGORITHM USING CUBIC SPLINE FUNCTIONS

By Robert E. Smith, Jr., Joseph M. Price, and Lona M. Howser
Langley Research Center

SUMMARY

A technique for smoothing arbitrary sets of two-dimensional data is described.
Both explicit and parametric cubic spline functions are used in a least-squares algorithm
to obtain a least-squares cubic polynomial spline fit for smoothing data. The primary
advantage of the least~squares spline technique is that a set of data can be represented by
a continuous function with continuous first and second derivatives. The technique has
been programed in FORTRAN IV for the Control Data series 6000 computer systems.
Interactive computer graphics using a CDC 250 series CRT console and the Control
Data series 6000 computer graphics system at the Langley Research Center is incor-
porated into the program to allow a user to interact with the program to aid in obtaining
a satisfactory solution. A description of the computer program and the procedures for
using it are included. Examples of applications are presented.

INTRODUCTION

Least-squares polynomial curve fitting is a standard smoothing technique for func-
tionally representing a data set S = {(Xi’yi»?:l' The process consists of finding the
polynomial coefficients which minimize the sum of the squares of the differences between
the polynomial curve and the values of the dependent variable in the data set. In order
to obtain a better representation of a data set, polynomials can be fitted to a sequence of
subsets of the data. The disadvantage of this type of polynomial fit — even though it may
provide a closer representation of the data — is that there is no guarantee of continuity in
either the polynomial representation or its derivatives over the entire data set. In con-
trast to this, applying the least-squares criteria to low-order spline polynomials guar-
antees continuity in the functional representation and certain of its derivatives while pro-
ducing a good representation of the data set.

This concept is discussed by de Boor in references 1 and 2. He notes that the suc-
cess of using spline functions in smoothing data lies in the proper choice of the "joints."
In reference 2 he presents an algorithm to choose the number and position of the joints.
His algorithm is limited as pointed out in reference 2 and is subject to failure on certain
sets of data. The algorithm and computer program as described in this report emphasizes



the user interaction with the algorithm fo obtain a satisfactory solution. It should be
noted, however, certain aspects of de Boor's algorithm (ref. 2) would work well in an
interactive environment to aid the user selection of joints. The basic difference between
de Boor's fixed joint algorithm (ref. 1) and Smith's algorithm (ref. 3) is the spline func-
tion representation and use of Lagrange multipliers, All three algorithms would produce
similar results for data where globally large gradients are not encountered. In this
report, spline smoothing is extended to data sets which may wander arbitrarily through
a two-dimensional coordinate space and/or form a closed curve. This is done by intro-
ducing a parametric variable representation of the cubic spline function. Only cubic
spline functions are dealt with in this report since they are naturally suitable to many
engineering applications and offer a reasonable compromise between a simple and com-
plex mathematical model.

SYMBOLS

AJ (X), B] (X)’

coefficient functions for cubic polynomials

€1,C9 constants of integration

E set of functions of coefficients

F matrix of coeificients

f(x) polynomial function in x

G matrix of functions of coefficients

g(t) polynomial function in t

g(x) function describing equality of first derivative of adjoining cubics at jth joint
h(t) polynomial function in t

i index on elements in data sets

j index of joints connecting cubic polynomials
m number of joints



number of input data points

degree of polynomial spline function

vector of residuals

residual

ordered data set in two dimensions

polynomial spline function of x over mesh A

polynomial spline function of t over mesh Ax

polynomial spline function of t over mesh Ay

independent variable for parametric technique

parametric variable function of x; and y;

abscissa of jth element in set of joints for parametric independent variable
abscissa of jth element in set of joints for parametric dependent variable
diagonal matrix of weights

weight

vector of ordinates of junetion points and their second derivatives

independent variable for explicit technique or dependent variable for
parametric technique

ith abscissa of data set S
abscissa of jth element in set of joints

vector of ordinates of data points



y dependent variable for explicit technique

Vi ith ordinate in data set S

373. ordinate of jth element in set of joints

A set of interior mesh abscissas

Ax, Ay sets of mesh abscissas for function of t

A vector of Lagrange multipliers

Aj Lagrange multiplier associated with jth spline

o standard deviation for explicit variable solution
0%, 0y standard deviations for implicit variable solution
© function to be minimized

[ constrained function to be minimized

A prime indicates first derivative with respect to the independent variable; a double
prime indicates second derivative with respect to the independent variable.

DERIVATION

The theory of least squares is applied to cubic polynomial spline functions Sa(x)
to derive the least-squares cubic polynomial fit for data smoothing. The least-squares
development in a vector notation is reviewed in appendix A and the development of poly-
nomial spline functions is discussed in detail in references 4 and 5. This report presents
a brief development of the cubic polynomial spline function and the application of least
squares to cubic splines. The explicit cubic polynomial splines are derived first, followed
by a description of parametric splines and their relationship fo explicit variables.

Cubic Polynomial Splines

A polynomial spline function is defined over an interval x; Sx =x,, which is sub-
divided into a mesh



A:X1=)_§1<)-§2<. . .ij. . .<}-§m=Xn

Associated with this mesh is a set @J}ml A polynomial spline function S A(x) is a set
J:
of m -1 polynomials of degree P connecting the points {(ij,ij)}fnl (called joints)
]:

such that the adjoining polynomials and the first P - 1 derivatives are continuous at the ,
joints.

A cubic spline function Sp(x) is a set of cubic polynomials of degree three con-
necting the mesh points {(ij,ij)} such that at the mesh points adjoining cubics and their
first and second derivatives are continuous. This implies that Sx(x), Sx(x), and SA(x)
are continuous in the interval %y =x £X,,. The derivation of a cubic spline fit to the
set {(ij,?j)}jn;l can be performed by first examining a single cubic in the interval

ij £x = :‘cj +1 and enforcing the continuity conditions with the adjoining cubic in the interval
Rj-1 =x= :‘cj. The following is a detailed explanation of the procedure.

Let (}'{j,yj) and (ij +1’3_’j _,_1) be two joints (see fig. l(a)) between which it is desirable
to construct a cubic polynomial y(x). Since y(x) is a cubic polynomial, y"(x) (second
derivative of y(x)) is a linear polynomial. The point slope representation (fig. 1(b)) for
the second derivative is:

(Rye1) - ()
%41 - Xj

7 =2 x - &) +¥'(%j) (1)

Letting h; = }'{]- +1 = %j 3'7]" = y"(ij), and 373'4_1 = y”(ij _,_1), equation (1) can be rewritten

1 -1 (X - iJ) -"(ij"']- - X)
y'(x) = Vi1 hj +Yy T— (2)

Integrating equation (2) twice, the following equations are obtained:

= \2 = 2
, o (x - xj) . (Xj+1 - x)
y (x) = Vil 2h; ~ Vi 2h; +Cq (3)

@'%P+¢J%A-XP
ﬁhj J Ghj

y(x) = 373;_1 +CqX + Cg (4)
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Figure 1.- Adjoining cubic polynomials.



Evaluating equation (4) at the jth and (j + 1)th joints yields equations for ¢y and cg

as follows:
T BN R AN
1- h. 6 ]

J

1" 2 1t 1 == - -— -
SRS 4 O €4 5 Wl i I A LS W
277" "¢ 6 h;

]

Collecting terms as coefficients of 37]-, 373', 37]- +1> and §§'+1 results in:
v'(%) = Ajx)F; + Bjx)F] + Cj®)Fj41 + Dj)Fi4 (5)
y(x) = Aj(X)Yj +By®)¥j + Cj®)¥j41 + Djx)¥i41 (6)

where

Y(x) = L
C](x) hj
1) = 1 RV



For each cubic there is one equation of the form of equation (6) and for m mesh
points there will be m - 1 cubics. Having written the cubics in the form of equation (6),
adjoining cubics at the interior joints {)‘:2, X3, . . o im-l} are equal and the second
derivatives at the interior joints are equal. That is,

Y& -) = Y& +) G=2...,m-1)
yn(ij _) = y"(f{] +) (J = 2, e sy M - 1)

Enforcing the condition at the joints

Y'(%j ) = Y'(%j +)

yields the continuity of the spline function SA(x). Using equation (5) with j - 1 and j
as indices establishes the above condition in the form

B(%)) = Aj1(%))F-1 + [C)-1(%) - AJ%;)] 75 + Bfa(&p)viia
EJJ 1(%) - B(&;)| v} - CY&)Fj41 - DiE¥ia
- ™

Since there are m - 2 interior points, there are m - 2 condition equations of the form
of equation (7) that must be satisfied in order to have a cubic spline polynomial fit Sa(x).

Least-Squares Spline Solution

The technique of least-squares polynomial curve fitting for smoothing noisy or
irregular data represented by the data set S = {(xi,yi)} ;‘= 1 is standard. It consists of
choosing a polynomial function and finding the polynomial coefficients which minimize the
sum of the squares of the differences between the function values at the abscissas {x,} _
of the data set and the ordinates <y1> -1 of the data set. In the above, a set of cubic
polynomials of the form of equatxon (6) with coefficients {7],?3'} _1 is defined on the

=1

interval E‘l’xrg where the interval is divided into the mesh
A:xy=X1<X9<., i] . <Xy =X

In addition, at each {x m-= 1 the condition described by equation (7) must be satisfied.

The resulting set of polynomlals is a cubic spline function.



The following is a vector development of a least-squares solution procedure for
determining the set {y],yi' 1 Given a data set {val} _y in the interval
X{=X1 =X = xm X5, the least-squares solution using equation (6) determines the

set {7],373' which minimizes

n
}: ®)

Using the method of Lagrange multipliers and adjoining the conditions of equation (7), the
constrained least-squares solution minimizes

Il
] M::S

m-
P = Z[_yl-yxl +z g(%;) 9)

The derivation of the condition that minimizes ¢ is found in appendlx A. This
condition is expressed in matrix notation where the sets {yi}lill, {373,373' }J 1, and
<(yi - y(xi»}?:l are ordered into the column vectors:

vq] A

2 4 _ -
7 y1 - (x1)
=11 yz -y Xz
5 (<2)

Y = X = R=

¥i
- - X
Ym Lyn W n)_
- 17

Yn [ m

n _ .m-1 . . n
The sets {yl(xl)} = and {g(x]-)}j=2 found by evaluating equations (6) and (7) at <xi}i=1
and {:?J};ié are expressed as FX and GX, respectively, where



Fy
Fy
F3 0
F=
b
0 Fm—Z
L Fin-1
and
Aj(xg) Bj(xi) Cjx1) Dj(x;)
Aj(%i4) Bj(%141) Cj(Xi41) Dj(x1.41)
F] =
) Bk Offs)  Pifss)

F; is a rectangular matrix with one row for each point in the interval X; =x = ij +1

s; 1is the number of points in the interval, and F is the composite of all the Fj's.

There is coupling between Fj-l’ Fj, and Fj +1 @as indicated by the overlapping rec~

tangles in F. Also,

Eg 1 Eg 2 Ea 3 Ep 4 Eas 5 Eg g 0
E3 1 E3 2 E3 3 E3 4 E3 5 Ezg
G =
Ej1 Ej 2 Ej,3 Ej4 Ej5 Eje
0 Em-1,1 Em-1,2 Em-1,3 Em-14 Em-15 Em-16

10



and
Ej,1 = 4-1(%)
Ej,2 = Bj_1(¥))
%ﬁ=@$ﬁ%'%@ﬂ

By4 = [Dj1(%) - Bi(%))]

Ejg = -Di(ij) G=2 ... m-1)

A
L_ m-1

Now equation (9) can be rewritten
n m-
= z z =RTR + ATGX

or, since R=Y - FX
7=[¥-Fx|T[v - FX] + aTex

In appendix A the necessary and sufficient condition of ¢ to be a minimum is the exist-
ence of a unique solution for X in

- -1
x| [FIF cT| "|rly

S (10)
A G 0 0

|

11



Often, when working with a set of data, it is desirable to place greater empha51s on cer-
tain points over others This is achieved by associating a set of weights <W1} -1 with
the set {(XvYﬂ} -1 such that each data point (x,y;) has a weight wj and minimizing

n

m-
7= ) ) 2
i=1 i=2

results in the following weighted least-squares solution

-1

x| |FTwr cT| " |FTwy :
= (11)
A G 0 0
where
B ]
2
Wy 0
2
Y
W =
2
Wi
0 wrz1

The primary mathematical tool in the form of equation (11) is now available. In the
next section a step-by-step procedure to apply equation (11) to obtain satisfactory smooth
. n
fits to the set {(Xi»yi)} =1 18 presented.

A Computational Algorithm for Explicit Variables y = £(x)
Given the sets {(xi,yi)}?ﬂ, %y =%x1 and Xpy =Xy, and {wi}?;_l:
(1) Choose {X; m-1
) C C]} =2

(2) Determine the matrices F and G by computing the coefficients Aj(xi),
Bj(xi), Cj(xi), Dj(xi), and Ejk for k= ,...,6.

12



FTwr cT FIwy
(3) Form the matrices and
G 0 0
- - -1
FIWF cT x| |FTwrF cT| [FTwy
(4) Find the inverse of and solve =
i G 0 ] A G 0 0

(5) Compute the standard deviation

1/2
1/2 2
o= ——— = — T
m - 2m m - 2m
i=1 i=1

(6) Plot ((xy,yi)};., and the spline function SA(x).

(7) I the resulting fit of Sp(x) to the data {(Xi;Yi)};Ll is not satisfactory (i.e.,
o is not sufficiently small or Sa(x) is not satisfactory from an engineering point of
view), choose a new set {i]}ﬁél and restart at (2). The number of joints m is not
necessarily the same as in the previous attempt; however, the endpoints X; and Xy,
must still be equal, respectively, to x1 and x;. Repeat until one of the following con-
clusions is reached:

(a) The fit is satisfactory and Sa(x) can be used to represent <(xi,yi)}’i“=1.

(b) The fit is unsatisfactory and the technique is either abandoned or the
parametric variable technique as described in the following section is applied.

This approach is highly feasible in an interactive computer graphic environment.
Rapid successive solutions can be attained and plotted for use in making a decision on the
acceptability of a solution. Appendix B describes a computer program (D3670) written
for the Control Data series 6000 computer systems using the CDC 250 series CRT display
system and the LRC 6000 series graphics system. The technique can be applied in a non-
interactive mode using off-line plotting equipment.

Parametric Variables

Using explicit variables (xi,yi) where y; = f(xi) and finding the spline fit y = Sp(x)
as described in the previous sections required that on the mesh A, :'cj +1> ij. Con-
sequently the described computer algorithm will not smooth arbitrary sets of data
{(xi,yi)}?ﬂ such as that shown in figure 2. I, however, a monotonic parametric

13



X
Figure 2.~ Sample of data suitable for parametric fit.
n
variable t is introduced to the data set such that the set becomes {(ti,xi),(ti,yi)}izl
where xj=g(tj) and yj= ﬁ(ti), and choosing two meshes

Ayity=tp<iy<. . . <ty =ty

the smoothing technique can be applied for arbitrary sets of data. A parametric variable
which will satisfy the condition tj,1>t; while xj41 =xj is
9 9 1/2
tiv1= &Xm - X4)" + (Vi1 - Yi):l +t4
t1= 0

The accumulative chord length t will be monotonically increasing with respect to x

and y provided (xj,1,Vi+l1)# (Xj,¥i). Withthe t's determined, there are two sets.
{(ti,xi)}?___l and {(ti,yi)}rilzl upon which the algorithm described above can be applied.
Applying this computational algorithm to the two sets yields the cubic spline functions

14



S Ax(t) and S Ay(t)- For the purpose of interpolation, y can be found as a function of x
by finding the inverse relation t =S (x) and computing y = SAy [SAX(X)] . 'The practical
approach is to find t such that x - SAX(t) = 0 in the interval Ecj,tj_,_ﬂ ~ and substituting
this t into y= SAy(t). Since the cubic splines are being fitted with respect to a para-
metric variable, the first and second derivatives of y as a functionof x are:

ay _ ay/at _ Say®
ax ~ dx/dt  Sp ()

T o "o dt SA(®)SA (t) - Sh (t)Sy (t
a2y T g2 gz at Sa08a A8 (1)

dx2 (dx/dt)s [S'AX(’C)}:;

For cases with data forming a closed curve, it is also desirable to have the spline
curves continuous and equal in value at the endpoints. This is done by adding two addi-
tional constraints in equation (9), thus introducing two additional Lagrange multipliers in
the least-squares solution. Enforcing the condition at the endpoints

yields the continuity of the first derivative. Using equation (5) with 1 and m as indi-
ces establishes the above condition in the form

Aj(R1)¥1 + B1(Ry)¥] + C1(Rq)Ta + D1(R1)v3
- Am-1(%m)¥m-1 = Bm-1(Zm)¥-1 - Cm-1(Em)¥m - Dmn-1(%m)¥in = 0
Enforcing equality at the endpoints requires the additional constraint
1 -Ym =0
A Computational Algorithm for Arbitrary Sets of Data {(Xi,yi)yil:l
Given the sets {(Xi’yi)}?z , 2nd {Wi}?z ¢

(1) Compute the set {ti}?ﬂ where tq=0 and
11 /2

tiel = [(Xi+1 - xi)? + (Vi+l - Vi) +1

15



n
(2) Form the sefs {(t,x1)} ?=1 and  ((t,¥i))i1-

(3) Choose a set Ag = {E]};Zél where t1j=t{=0 and ‘fml =ty

FIWF GT Flwy
(4) Form the matrices and
L G 01, 0
X
T T
F-*WF G
(5) Find the inverse of and solve
L G 0 | ¢
-1
x| [FTwF cT| [Flwr
Al | @ 0 0
X t X

(6) Compute standard derivation in the (t,x) space

1/2
2

N [Xi - SAX(ti)] w?

O-X = A, n - 2m1
i=1

(7) Plot {(ti,xi)};; , and Sa(t).

(8) If the resulting fit of S Ax(t) to the data {(ti,xi)};; 1 is not satisfactory, choose

— ml-l
a new set {tj}j_z and restart at (4). Otherwise, continue.

meg-1 . R
(9) Choose a set Ay = Gj}jé where ty=t; and tmz = {p.

FIWF GT FIwy
(10) Form the matrices and
G 0 0
t y
FIwF G
(11) Find the inverse of and solve
G 0
~t
-1 _]
x| |FTwr  GT| |FTwF
Al | a 0 0
y t -y

16



(12) Compute standard derivation in the (t,y) space

1/2
n 2 2
Y [vi - Saytta)] v}
O'y N L n - 2m2
i=1

(13) Plot {(ti,yi)}‘iﬂ:l and Sp(t).

(14) If the resulting fit of S Ay(t) to the data «ti,yi)}?_l is not satisfactory, choose

. mo-1
a new set {tj};ilg and restart at (10). Otherwise, continue.

(15) Plot {(Xi,yi)}?=1 and SAY(SAX(t))-

(16) If the resulting fit of SAY(SAX(t)) to {(xi,yi)};lﬂ is not satisfactory, restart
at (3). Repeat until one of the following conclusions is reached:

(a) The fit is satisfactory so that S Ax(t) and S Ay(t) can be used to repre-
. v\ 1 ’
sent {(X1’Y1)} 1
(b) The fit is unsatisfactory and the technique is abandoned.

Here again the technique is highly feasible in an interactive computer graphics envi-
ronment. In appendix B, the described computer program has the option of using para-
metric variables in the interactive and off-line modes. In appendix C there is a descrip-
tion of example cases using both explicit and implicit variables.

CONCLUDING REMARKS

Two algorithms have been developed for smoothing sets of data in two-dimensional
Cartesian coordinates. Both algorithms exploit the cubic spline function which is contin-
uous and has continuous first and second derivatives. A least-squares technique is applied
to the cubic spline function to obtain smooth representations of the data sets. The two
algorithms, the explicit variable algorithm and the parametric variable algorithm, are
distinguished according to how the independent and dependent variables are defined rela-
tive to each other. The explicit variable algorithm requires less computation and is,
therefore, recommended whenever high gradients are not encountered. The parametric
variable algorithm requires more computation and can be applied to arbitrary sets of data.
Both algorithms require that the user specify a set of mesh points in the independent

17



variable direction. Since this mesh usually must be modified in order to achieve satis-

factory solutions, the algorithms are best applied in an interactive computer graphics
environment.

Langley Research Center,

National Aeronautics and Space Administration,
Hampton, Va., November 1, 1973.
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APPENDIX A
CONSTRAINED WEIGHTED LINEAR LEAST-SQUARES ESTIMATION

Given the data set {Xi,Yi»Wi}Iil_l and the function

- -1t

y= Y(X’ Yo 915« ¢ o S;m: 5’;;1) (2m < n)
a weighted least-squares solution is the set of estimates

- _ mimim
(@91 = Tk = )y
which minimizes the sum of the squares of the weighted differences between the corre-

sponding elements of the sets {yi}?ﬂ and (y(xj, @1, @2, - - - al)};l (see ref. 8);
that is,

n
min &= min z (Wiri)z

l =N
%1 Px)yaq =1

n

2
= ml? z {/Vl[yl - Y(Xi, 0y, 09, . . alj_]} (l = Zm) (Al)
@k}k:l i=1
If there exists a set of functions
q
&p(@1 g - - o Ayl g (I +q<n)

such that

Y= <gp(a1’ G2« « 4 al) = O>q=1

then y defines a set of constraints which the function y(x, a3, ag, . . ., al) must satisfy.
The constrained least-squares problem consists of determining the set <ak}i<=1 which
minimizes equation (A1) subject to the conditions described by 3. This is accomplished
by associating a set of Lagrange multipliers Q\P}g:l with the set Y and determining

19



APPENDIX A — Continued

n

2 a
mi? o = mi? z {Wi]:yi - V(i A1, A2 . - o al)]} + Z Apgp|  (A2)
Pdypq ey \IFL p=1

q q
<7\p} p= 1 Q‘p} p= 1
An additional mathematical assumption is that

y(x, a1, a9, . . ., o)

and

Epla1, @2, - - - al)}g=1

are linear functions with respect to the elements of the set {O‘k}f{_ 1 and, therefore, can
be written in the form

y(x, A1, Ay o « o Oll) = z ak(x)ak
k=1
l
gp(al, A9y + « o Otl) = z bpkak
k=1

With these definitions, the minimization problem for constrained weighted linear least-
squares estimation can be rewritten in matrix notation as

min & = min[RTWR + ATBX]

XA XA
= min ]:(YT - XTAT)W(Y - AX) + 2ATBX] (A3)
X, A
where
- o _ _
v rq al(xl) az(xl) v al(xl)
Y9 ry al(xz) az(XZ) ... al(X2)
Y = R = A= ‘
.’yn“ _rn_ f‘l(xn) az(xn) . e al(xn)_

20



APPENDIX A - Continued

] - 7
oy b1y bg ... by
O’,z b21 bzz . e e bzl
X = B=
) bgql  bg2 bqy
w% 0
2
Wy
W =
2
Wi

To determine min &, the first variation 6& with respectto X and A must vanish;
XA

that is,

5% = [-Z(YTWA - XTaTwa) + ATB:IGX +26ATBX =0
Since 06X+ 0 and O6A=# 0,
ATwy + ATwax + BTA = 0

BX=0

This can be written in a single matrix equation as

ATwa BTl|x| (ATwy
B olial | o

(A4a)

(Adb)

(A5)

21



APPENDIX A — Concluded
with the solution

x| |aATwa  BT| |aATwy
= (A6)
A B 0 0
A sufficient condition that X and A are unique [i.e., ATwa BT| can be inverted

B 0

-1
is that ATWA is invertible and BJATWA| ™ BT is also invertible. This can be
shown by solving equation (A4a) for X; that is,

-1 -1
X= E&TWA] ATwy - [ATWA] BTA (A7)
and then multiplying this equation by B
ror 7T T, ] T
BX = B|A WAJ A WY-BE\ WA] B A
From equation (A4b)
BX =40
This implies
-1 -1
B[ATWA] ATwy - B[ATWA:] BTA=0
or
-1

-1
A= EB[;ATWAJ-I BT] B ATWA] ATwy (A8)

-1
The vector A has a unique solution if ATWA is invertible and if B[ATWA] BT is
invertible. If these conditions are satisfied for A, then X has a unique solution by sub-
stituting A into equation (AT7).

In addition, a sufficient condition that solution of equations (A4) yields a unique global
minimum of equation (A2) subject to the constraints BX =0 is that sXTATWASX > 0 for
all 6X>0 with B6X =0 (ref. ).
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APPENDIX B
PROGRAM DESCRIPTION

General Discussion

The program, written in FORTRAN IV for the CDC 6000 series computers, consists
of a main program and five subroutines. CalComp plotting routines and CDC 250 routines
are used for CRT display. The program optionally can run in either the batch mode or on
line with control from a CRT console.

The main program directs the solution procedure, either from preset instructions in
the batch mode or according to commands from the CRT console in the on-line mode. In
the on-line mode, instructions to the user are displayed to indicate what options are avail-
able at the various points in the program.

The following subroutines are called from the main program or its subprograms.

Subroutine Function
PLPT scales and plots computed values with the CalComp POINT routine
CUSPFIT determines a cubic equation approximating the input data and computes the

first and second derivative

SUP computes the parametric variable t and sets up the arrays for subroutine
CUSPFIT in cases using the parametric option of the program

MINMAX finds the minimum and maximum values of the data to be plotted
SCALEBW scales the values for plotting in the parametric cases

SIMEQ solves the matrix equation AX =B where A is a square coefficient
matrix and B is a matrix of constant vectors

FTLUP performs a second-order interpolation to find intermediate values from a
tabular array

Interactive Graphics and Plotting Routines

The CRT routines CDC 250, SCREEN, PARAMS, MESSAGE, and NEXT are from the
LRC interactive graphics software package and the plotting routines CALCOMP, LEROY,
ASCALE, AXES, LINPLT, LINE, NOTATE, NUMBER, CALPLT, and INFOPLT are from
the CalComp software package. Plotter output is routed to a tape during job execution and
after job completion is plotted on a CalComp digital incremental plotter. The arrays X
XC, Y, YY, YJOIN, COMPY, and R are used for plotting.
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APPENDIX B — Continued
Descriptions, Flow Charts, and Listings of the Main

Program and Subprograms

Main program.- The main program directs the solution procedure from preset
instructions in the batch mode, or from CRT console commands in the on-line mode.

The flow diagram of the main program is as follows:

Initialize constants
and default
input values

//A CALL_CDC250
program
being run on Set up CRT

routines

line with
CRT?

Save CALL CALCOMP
input & Set up Calcomp
coordinates routines
.

is Yes CALL SUP
this case Compute
parametric > parametric
= ? \ variable //

Print number
of curves
and joints

[/ __CALL CUSPFIT \

Compute functional
values and second

derivatives at
joints
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Compute functional
values for
given X

Print input X
values ,input Y
values,computed
Y values
residuals

Is

case

parametric
?

Were

moye than

50 points

originally

input
?

Add additional
points

CALL CUSPEIT

Change
weights

Compute and

Compute
print ; functional values
coefficients of/ for new X
equations /

—

Plot input
points and
curve

Is
this a batch
standard
case?

/)//////’;s ;\\\\\‘ ves Is Save values

this a batch ™ current of joints.

parametr%f;///:>“‘——_““-4> Yes Change de-~
case?

pendent
No

variable to

Does
user want
to change
weights?
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Options available for case using parametric variable

Options available for standar
case

Read
new
case

Change
joints

h 4

I,v
\D / \
Change CALL CUSPFIT

joints

Compute
first
} derivative

! Plot first
derivative

Save values
of joints.
Change de-

pendent
variable
to
X

Save current
| values of
jjoints. Change
i dependent
ivariable to X

.

Q)

v
Compute
Y=g (t)
X=£(t)

N

Determine 1
Minimums,
Maximums
and scale.

h 4

Plot
Y vs X
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APPENDIX B — Continued

The program listing for the main program is as follows:

PROGRAM MAIN(INPUT=201,0UTPUT=201,TAPES=INPUT,TAPE6=0UTPUT)

X ANO YY ARE COORDINATES OF THE INPUT DATA POINTS
R-LEFT ENDPOINT,JUNCTION POINTS,RIGHT ENDPOINT
NKR~NUMBER OF CURVES

NMAT— NUMBER OF PO INTS

IFLAG =0 DATA POINT COORDINATES ARE READ WITH FORMAT
IFLAG =1 DATA POINT COORDINATES ARE READ WITH NAMELIST
W - ARRAY OF WEIGHTS OF DATA POINTS

KO = 1 STANDARD CRT

KO = 2 STANDARD BATCH

KO = 3 PARAMETRIC CRTY

KD = 4 PARAMETRIC BATCH

KLOSE = 0 ARBITRARY CURVE

KLDSE = 1 CLOSED CURVE {(MUST BE PARAMETRIC)

REAL MAXRES

DIMENSION TSAVE{(310)

DIMENSION CS{54+43s Z{310)}, T{310)s RS{30)¢ 0130)

DIMENSION XSAVE{310)e YSAVE(310)

COMMON XRAY{3),YRAY{3}

COMMON X{310)eY{3101+A{304+4)+RI{30),C(84,85),L1843,N(28),YY(310)
COMMON COMPY(310).W{310),YJOIN{30)},XC{310)

NAMELIST /NAML/ Xo¥YY oNKRoR 4NMAT,IFLAG +WoKOKLOSE

INITIALIZE PLOT RDUTINE AND SET ORIGIN

DATA NKR/L/7¢1FLAG/L/+KO/1/+NMAX/304/.,KLOSE/OQ/
IBEN=0

CONTINUE

R{1)=0.

D0 2 I=1,310

Wili=1.

IL=1

Wi=1.0

XPG=10.

YPG=10.

XDV=10.

NC=84

XTiC=1.

YOv=10.

YTiC=l.

IF {IBEN.EQ.O} GO TO 4
DO 3 I=1,NMAT
X{1)=XSAVE(T)

CONT INUE

READ (5.NAML)

i (IBEN.EQ.1) GO TO 7
IREN=1

GO TO {6+5+645)s KO
CALL CALCOMP

CALL L ERQOY

GO 1O 7

CALL CDC250

kSETS PARAMET ERS IN PLOT ROUTINE TO OUTPUT OR CHANGE AT CRT

CALL SCREEN {leyles.9)
CALL PARAMS’

THIS CLEARS THE PARAMETER TABLE

CALL PARAMS {2LAN.,AN,3LSTD,STD)

CALL PARAMS {2LR1,R111},2LR2,R{2}+2LR3,R(3})
CALL PARAMS (2LR4sR{4)+2LR5,R{5)+2LR6sR(61})
CALL PARAMS {2LR7,R(7)+2LR84R{8)+2LRI,R(9)})
CALL PARAMS (3LRI0.RI10)s3LR11,R{11))

-

PEPDIPPBD>PEP DD

PEBPD >R D>

PPPPPPBPEPDPL PP PRI LDD b

> > b-g

>

P> >

[

54

55
56
57
58
59

100000

200000

300000

400000

500000

600000

700000

800000

900000
1000000
1100000
1200000
1300000
1400000
1500000
1600000
1700000
1800000
1900000
2000000
2100000
2200000
2300000
2400000
2500000
2600000
2700000
2800000
2900000
3000000
3100000
3200000
3300000
3400000
3500000
3600000
3700000
3800000
3900000
4000000
4100000
4200000
4300000
4400000
4500000
4600000
4700000
4800000
4900000
5000000
5100000
5200000
5300000
5400000
5500000
5600000
5700000
5800000
5900000
6000000

- 6100000

6200000
6300000 -
6400000
6500000
6600000
6700000
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28

13

11

12

13

14

15

16
17

21

22

23

APPENDIX B — Continued

CALL PARAMS (3LR12,R(12)+3LR134R(13),+3LR14sR{141))
CALL PARAMS {3LR15+R(15)+3LR16+R(16),3LR1TR{17))
CALL PARAMS (3LR18+R{18)+3LR19,R{19),3LR20,R(201})
CALL PARAMS {3LR21.R{211))

CALL PARAMS {(2LALsAL,2LWT,WT, 1L 1,1}

CALL MESAGE {1,39HPROGRAM D3290 ~-FINDS BEST FIT FOR DATA,39)

CALL MESAGE (1,32HUSE BEST FIT 71O SOLVE PARAMETERS,32])

CALL MESAGE {1,40HHIT KEY 46 TO READ DATA TO START PROGRAM,40)

CALL MESAGE (1,22HHIT KEY 45 TO STOP J08,22)
CALL NEXT {NKEY])

[F (NKEY.NE.46) GO TO 48

IF (KO.LT.3) KODE=4

IF {KO.EQ.2) NKEY=49

IF (KO.EQ.4) NKEY=51

IFf (IFLAG.EQ.0) GO TO 9

DO 8 I=1.,NMAT

YSAVE(DI=YYI D)

XSAVE(1)=X {1}

IF (KD.GT.2) KODE=0

AN=NKR

NKRL=NKR+1

IF (ENDFILE 5) 47,10

IF (IFLAG.NE.O) GO TO 16
NMAT=0

NMAT=NMAT +1 ,
READ (5+75) X{NMAT),Y{NMAT)
IF (X(NMAT).NE.L11111.) GO T3 11
G0 TO (13,13,12,12), KO

CONT INUE

CALL SUP (XsYeT,20XMAXT o NMAT)
XM=9H T VALUES

YM=9H X VALUES

60 TO 14

XM=9H X VALUES

YM=9H Y VALUES

CONTINUE

NMAT=NMAT~1

DO 15 I=1,NMAT

YYALI)=Y(D)

60 TO 21

GO 7O {19,19,17,17), KO

CALL SUP (XeYYoT,Z4XMAXT,NMAT)
XM=9H T VALUES

YM=9H X VALUES

DO 18 I=1,NMAT

TSAVE{ I)=X{1)

DO 20 I=1,NMAT

Y(Li=YY(1)

- IF (KD.GE.3)} GO 7O 21

XM=9H X VALUES

YM=9H Y VALUES

NKRI=NKR+1"

IF (KDO.GE.3) GO TO 23

X0=X{1)

D0 22 I=1.NMAT

X{1}=X{1)-X0

R{LI=XLL)

CONT INUE

IF {KODE.EQ.0) WRITE (6+74)

IF {(KODE.EQ.1l) WRITE {6,81)

If (KODE.EQ.4) WRITE (6.88)
RINKRL)=X{NMAT)

WRITE (6+76) NKR,NMAT, (R{I}sI=1,NKR1}
LL=NKR%2+2

LR=LL+NKR

LA=LR~-1

Lo=tLA

CALL CUSPFIT {1+CoNKRoLsXgYyRoNMAXoNCoyNyAsWeKODE,CSoKLOSE)
ISTUNT=N{NKR+1)

PP PDPDPP PP LI PP EDPDELPDP PP DPPD

109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128

6800000
6900000
7000000
7100000
7200000
7300000
7400000
7500000
7600000
7700000
7800000
7900000
8000000
8100000
8200000
8300000
8400000
8500000
8600000
8700000
8800000
8900600
9000000
9100000
9200000
9300000
9400000
9500000
9600000
9700000
9800000
9900000
10000000
10100000
10200000
10300000
10400000
10560000
10600000
10700000
10800000
10900000
11000000
11100000
11200000
11300000
11400000
11500000
11600000
11700000
11800000
11900000
12000000
12100000
12200000
12300000
12400000
12500000
12600000
12700000
12800000
12900000
13000000
13100000
13200000
13300000
13400000
13500000
13600000



24

25
26

27
28

29
30
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CALL CUSPFIT {2+CoNKReLyXoYeRoNMAXsNCoNyAy W, KODE,CS,KLOSE)
RES=0

IF {(KODE.EQ.0) WRITE (6,78)

If (KODE.EQ.1) WRITE (6,77)

IF (KODE.EQ.4) WRITE {6,87)

DO 24 I=1,ISTUNT

CoMPY(I)=Y(1)

RESID=YY{L)-Y{(1)

IF {wl1).EQ.0.) RESID=0.

WRITE (64791 T X{L)aYY{I).COMPY{I1),RESID
RES=RESTD**2%W{ )

CONT INUE

RES=RES/{ISTUNT~2%NKR)

STD=SOQRT(RES)

PRINT 80, STOD
NO=ISTUNT

IF {KO.GT.2) GO TD 28

PUT TN MORE POINTS IF ORIGINALLY LESS THAN 50 FDR STANDARD VERSION

IF {NO.GT.50) GO TO 27

NM1=NO-1

NP=120/NM1

NPM1=NP—-1

IC=1

XC{1)=X11}

00 26 [1=1.NM1

FAC={X{LI+1)}-X(LI))/NPM]

N0 25 I=1,NPML

IC=IC+1

XCLIC)=XCUIC~-1)¢+FAC

CONTINUE

CONTINUE

XCUIC)Y=R{NKR1}

CALL CUSPFIT (2¢CoNKRoyLs XCoCOMPY o RyNMAXoNC yNoA o W,KODELCS,KLOSE)
CONT INUE

CALL CUSPFIT 153CoNKRoLoXsYsRyNMAXyNC +NyAsWsKODE,CLSoKLOSE)
K=1

FNKR=NKR

COMPUTE MINIMUMS AND MAXIMUMS

CALL ASCALE (X.XPGeNOsKos104)
CALL ASCALE (YY YPGeNO+Ks104)

DRAW X AXIS

NP1=NO+1
NP2=N0O+2
CALL AXES (0e300s0eoXPGoXINPL)eXINP2) s XTIC 4XDVio XMy 15,~91)

DRAW Y AXIS
CALL AXES (0ev0e990e2YPGoYY(NPL)oYYINP2)sYTICeYDVsYMy.15+9)
PLEBT CURVE

CALL PLPT (X.YY,NO)

NP=1C

IF (KO«LT43.ANDJND.LTL.50) GD TO 30
NP=NO s

DO 29 I=1.NO

XCLLI=X41)

NN1=NP +1

-NN2=NP +2

XCUNNLI=X{NPL)
XC{NNZ2)=X(NP2)
COMPY (NNL}=YY{NPL)
COMPY(NN2} =YY{(NP2)

> PP PPIPDPPBPPPD

PP PPPDPMDPPPEPDPDPRPP

P-S-B B B B8 S NS Z S > > > > >> > PP >

129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145

146

147
148
149
150
151
152
153
154
155
156
157
158
159
160
le6l
162
163
164
165

166

167
168

169

170
171
172

173
174
175

176
177
178
179
180
181

182 -

183
184
185
186
187

13700000
13800000
13900000
14000000
14100000
14200000
14300000
14400000
14500000
14600000
14700000
14800000
14900000
15000000
15100000
15200000
15300000
15400000
15500000
15600000
15700000
15800000
15900000
16000000
16100000
16200000
16300000
16400000
16500000
16600000
16700000
16800000
16900000
17000000
17100000
17200000
17300000
17400000
17500000
17600000
17700000
17800000
17900000
18000000
18100000
18200000
18300000
18400000
18500000
18600000
18700000
18800000
18900000
19000000
19100000
19200000
19300000
19400000
19500000
19600600
19700000
19800000
19900000
20000000
20100000
20200000
20300000
20400000
20500000

29



APPENDIX B — Continued

CALL LINPLT (XCoCOMPY+NP+sKsQyDeDs0)
NK11l=NKRL+1 '
NK12=NKR1+2
RINKLL)I=X{NPL)
RINKL2)=X{NP2}
YJOINONKLIL )=YY(NPL)
YJOIN{NKL2 =YY (NP2)
YJOIN(LYI=COMPY( 1)
DO 31 I=2,NKR1
31 CALL FTLUP (RII) YJOIN{L)s1,NP,XC,COMPY)
CALL LINE (ReYJIJOINSNKRLyKe~1459.5)
CALL NOTATE (1499450414, 19HNUMBER OF CURVES = +0e919}
CALL NUMBER (4cy9eD9el4sFNKReOos—11}
CALL NOTATE (54949454 41%+32HENDPOINTS AND JUNCTION POINTS = 404032}

188 20600000
189 20700000
190 20800000
191 20900000
192 21000000
193 21100000
194 21200000
195 21300000
196 21400000
197 21500000
198 21600000
199 21700000
200 21800000
201 21900000

PP PLIDRDPPIRERDIEDR

XN=0. 202 22000000
YNN=9. 0 203 22100000

DO 32 I=1.NKR1 204 22200000
XN=XN+ o7 205 22300000

IF {I.NE.l4) GO TO 32 206 22400000
YNN=845 207 22500000 °
XN=.7 208 22600000

32 CALL NUMBER (XNsYNNeooelleR{I)oO. %) 209 22700000
22800000

ESTABLISH A NEW REFERENCE POINT FOR THE NEXT GRAPH A 210 22900000
23000000

CALL CALPLY {0e.s0.s—3} A 211 - 23100000

GO TO (33,34,33,34), KO A 212 23200000

33 CONTINUE A 213 23300000
23400000

THIS WILL STOP PROGRAM A 214 23500000
23600000

34 CONTINUE A 215 23700000
CALL CALPLY {1240040-3) A 216 23800000

IF (KO.EQ.2) GO TO 49 A 217 23900000

IF (TL.EQ.2) CALL BALLPT A 218 24000000
IL=1 A 219 24100000

IF {KD.EQ.4) GO 7O 41 A 220 24200000
CALL MESAGE {1,44HK45-CHANGE WEIGHTS K46~SET ALL WEIGHTS=1,44) A 221 24300000
CALL MESAGE (1,23HHIT ANY KEY TO CONTINUE,23) A 222 24400000 .
CALL NEXT (NKEY) A 223 24500000

IF {NKEY.EQ.45) GO TO 36 A 224 24600000

IF (NKEY.NE.46) GO TO 39 A 225 24700000

DO 35 I=1,NO A 226 24800000

35 wWll)=1.0 & 227 24900000
GO T4 39 A 228 25000000
25100000

LO0K AT EACH PUINT AND WEIGHT THEM IF YOU WANT TO A 229 25200000
25300000

36 CALL PLPT (X.YYl.NO)
XRAY{2)=X{NP1)
XRAY (3 }=X{NP2)
YRAY{2 }=YY{NP1)

YRAY{3)=YY (NP2}

230 25400000
231 25500000
232 25600000
233 25700000

234 25800000

All=0. 235 25900000
Al=0. 236 26000000
DO 37 II=1.NO 237 26100000
All=Al1+A1l 238 26200000
I=11+Al1l 239 26300000
Al=0. 240 26400000

XRAY (1 }=X{1)

YRAY(1)=YY(I}

CALL LINE (XRAY,YRAYoleKe~1ly%s«09)

CALL CALPLT (0.+0.+-3)

CALL MESAGE (1,4BHANY K CONTINUE K45-CHANGE WT K46~STOP SEARCH
1+48)

CALL MESAGE {1+35HWT = NEW WEIGHT Al = SKIP POINTS. 35)

CALL NEXT (NKEY)

IF (NKEY.EQ.46) GO TO 38

If (NKEY.NE.45) GO T0O 37

241 26500000
242 26600000
243 26700000
244 26800000
245 26900000
246 27000000
247 27100000
248 27200000
249 27300000
250 27400000

27500000

PHPIPPLDPPIPBDEDRIR DPRDD



40
41

42
43

44

45

46

47
48

49

CHANGE WEIGHT OF POINT

WlIl=WT
CONTINUE
CALL CALPLT {12.40.,-3
CONTINUE

)
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CALL MESAGE {1,42HK45-TYPE NEW R K46~NEW CASE K&7-STOP +42)

CALL MESAGE {(1,30HK-49
IF (KO.NE.3) GO TD 40
CALL MESAGE (1ls19HK-44
CALL MESAGE {1.,19HK-50
CALL MESAGE (1.34HK-51
CALL MESAGE (14+25HK~-52
CALL MESAGE {1,25HK-53

THIS STOPS PROGRAM

CALL NEXT (NKEY)
NKR=AN

IF (KDDE.NE.1) GO T0 4
N1=NKR1

NK=NKR

N0 42 [=1,NKR1
RS{1)=RII)

CONTINUE

XUISTUNT#L)=R{NKR+1)+1

)
IF INKEY.EQ.45) GO TO 19

IF {NKEY.EQ.44) GO TO
IF (NKEY.EQ.50} GO TO
IF (NKEY.EQ.51) GO TO
IF (NKEY.EQ.46) GD TO
IF (NKEY.EQ.52) GO 71O
IF (NKEY.EQ.53) GO TO
IF {NKEY.EQ.49) GO TO
IF (NKEY.EQ.47) STOP
GO TO 39

RE-COMPUTE X VS. T

DO 45 I=1.NMAT
XUL)=TSAVEL(TL)
YY{I)=XSAVEL 1)
T{1)=TSAVE(I)
LUI)=YSAVEL{TL)

XM=9H T VALUES
YM=9H X VALUES

IF {KO.GT.2) KODE=0
DD 46 I=1,NKRS
RET)=Q(1}

NK=NKR

N1l=NKR1

NKR=NKS

NKR1I=NKRS

GO TO 19

CALL CALPLT (0.0,999)
SToP 1

PLOT FIRST DERIVATIVES

10

3

PLOT FIRST DERIVATIVES,.30)

PLOT Y VS T,19)

PLOT Y VS X,19)

READ NEW R AND PLOT ¥ VS T,.34)
RE-COMPUTE X VS T,25)
RE-COMPUTE Y VS T,25)

CALL CUSPFIT (33CoNKReL XL ,COMPYoR4NMAXoNC oNsA¢WsKODE+CS+KLOSE)
CALL ASCALE IXC4XPG,NP,K,10.)

CALL ASCALE (COMPY,YPGoNP,Ke10)

CALL AXES {(0eeQesO0evXPGoXCANNL) ¢ XCINN2)} ¢ XTICsXDVsXMpal5,-9)

CALL AXES (0290099049 YPG,COMPY(NNL) COMPYINN2) »YTIC,YDVyV¥My415,9)

CALL LINPLT I(XCo»COMPYoNPyKs0490,0,0)
CALL CUSPFIT (3+CoNKRoLs XeCOMPY R NMAXoNCoNgAgWoKODELCSoKLOSE)

WRITE (6,72)

WRITE (6+73) IX{IDoYY(I).COMPY{I)s1=1,N0O)

PPPRPPD>BDDDRDD >

PP IPEPPPPDPPPPDI>D >

>

PP PPP P PPPPLIPDPPDDPDPPDRDD>PD

251

252
253
25%
255
256
257
258
259
260
261
262
263

264

265
266
2617
268
269
270
271
272
273
274
275
276
271
2178
279
280
281
282
283

284

285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301

302

303
304
305
306
307
308
309
310
311

27600000
27700000
271800000
27900000
28000000
28100000
28200000
28300000
28400000
28500000
28600000
287006000
28800000
28900000
29000000
29100000
29200000
29300000
29400000
29500000
29600000
29700000
29800000
29900000
30000000
30100000
30200000
30300000
30400000
30500000
30600000
30700000
30800000
30900000
31000000
31100000
31200000
31300000
31400000
31500000
31600000
31700000
31800000
31900000
320006000
32100000
32200000
32300000
32400000
32500000
32600000
32700000
32800000
32900000
33000000
33100000
33200000
33300000
33400009
33500000
33600000
33700000
33800000
33900000
34000000
34100000
34200000
34300000

31



50

51

52

53

54
55

56

57

58

59

61

62
63

64

32
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CALL CALPLTY (124¢044-3)
If (KD.EQ.2) 6O 7O 1

GO TG 39
DO 51 I=1.NMAT

COMPUTE Y VS.T

YY{r)=z(1i

YM=9H Y VALUES

XM=9H T VALUES

IF (KO.GT.2) KODE=1

IF (NKEY.EQ.53) GO TO 54
DO 52 1=1,NKR1

QULI)=R(I)

NKRS=NKR1

NKS=NKR

IF (NKEY.EQ.51) READ {(5.NAML)
IF (ENDFILE 5} 47,53
AN=NKR

IF {(KO.EQ.4) NKEY=50

IF (NKEY.NE.53) GO TO 19
DO 55 [=1.N1

RITY=RS(T)

DO 56 I=1,NMAT
X{I)=TSAVE(I)
YY{I}=YSAVE(I)

NKR=NK

NKR1=N1

G0 TO 19

COMPUTE X VS.Y

T(1)=0.

XM=9H X VALUES
DT=XMAXT/300.

DO 58 I=1,Nl1
R{I)I=RSI(I)

NKR1=N1

NKR=NK

DO 61 I=2.301
T{L)=TL{I-Li+DT

DO 59 J=1,NKRL
JI=NKR1-Jd+1

JI=dJ

IF (T(I1).GE.R({JJ}} GO TO 60
CONTINUE

IF (JI.GT.NKR) JI=NKR

YOTI=({CSL T +2T5 L) #T{L}+CS{IT#2T,2) DT{LII+CSUUT #2743 )%TLI)+CS(J1+

127 +4)

DO 64 1=2,301

DO 62 J=1,NKRS

JJI=NKRS=-J+1

Ji=JJ

IF {T{I}).GE.Q{JJ}2 GO TO 63
CONTINUE

IF (JI.GT.NKS) JI=NKS

XCID)=((CSCIT LI *TUI)+CS{JL,2))%T(I)+CS5{I1,3))*T(1)+CS{JI.4)

CONT INUE
X{11=CS(1+4)
¥Y{1)=CS(2844)
WRITE {6482)

WRITE (6+483) (L.T{ I)vX(I’lY({)yI=1'301)

CALL MINMAX [(X#301,AMIN,AMAX)
CALL MINMAX (Ye301,BMIN,BMAX)
IF (AMIN.GT.BMIN) AMIN=BMIN
IF (AMAX.LT.BMAX) AMAX=BMAX
CALL SCALEBW {AMIN,AMAX)
XKSAVE{NMAT #L )=AMIN
YSAVE(NMAT+1 )=AMIN
SF={AMAX~AMIN}/10.
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323
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332
333
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335
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337
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340
341
342
343
344

345

346
347
348
349
350

351
352

353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368

369 .

370
371
372
373
374
375
376
3717

34400000
34500000

34600000
34700000
34800000
34900000
35000000
35100000
35200000
35300000
35400000
35500000
35600000
35700000
35800000
35900000
36000000
36100000
36200000
36300000
36400000
36500000
36600000
36700000
36800000
36900000
37000000
37100000
37200000
37300000
37400000
37500000
37600000
37700000
37800000
37900000
38000000
38100000
38200000
38300000
38400000
38500000
38600000
38700000
38800000
38900000
39000000
39100000
39200000
39300000
39400000
39500000
39600000
39700000
39800000
39900000
40000000
40100000
40200000
40300000
40400000
40500000
40600000
40700000
40800000
40900000
41000000
41100000
41200000
41300000
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XSAVE{NMAT +2 ) =SF

YSAVE{NMAT +2 )=SF

CALL PLPT (XSAVE+YSAVE.NMAT)

CALL INFOPLT (1+4301eXeLleYoe LoAMIN,AMAX s AMINoAMAX 925099 XMy94YM,0}
IF {KO.EQ.4) NKEY=46

COMPUTE RESIDUALS

D0 67 [=2,NMAT

DO 65 J=1+NKRL

JI=NKR1-J+1

JI=J4J

IF (TSAVE{1).GE.R{JJI) GO TO 66
CONTINUE

IF {JI.GT.NKR) JI=NKR
Y(l)=((CS(J[*2701)*TSAVE(x)*CS}JIf27'2’)*TSAVE(L)fCS(JIf27v3)k*TSA
LVE(L)&CS{JUI+2744)

DO 70 [=2,NMAT

D0 68 J=1.NKRS

JJ=NKRS=J+1

JI=JdJ

IF (TSAVE(I1).GE.Q(JJ}) GO TO 69
CONTINUE

IF (JI.GT.NKS) JI=NKS
XCE)={{CSU UL LI RTSAVEL 1) #CS{IT,2) I*TSAVE(TI+CS{JI, 3D )XTSAVE(T)+CSH
1Jle4)

CONTINUE

X{1)=CS{l.4)

Y{1)=CS(28+4)

MAXRES=0.

DO 71 I=1,NMAT
ZLT)=ABSIX(T)-XSAVE(I))
T(I)=ABS{Y(I)-YSAVE(I)})}

IF (Z{1).GTL.MAXRES) MAXRES=2{1]}
IF (TLI).GT.MAXRES) MAXRES=T(I)
CONTINUE

WRITE (6.84)

WRITE {6485) (L TSAVE(IL) o XSAVELL) oYSAVELT) o XUI) oYL LD} oZUL)oT{I)51=1
1 .NMAT) .

WRITE (6,86 MAXRES

GO TO (39,1+39.1)y KO

FORMAT (//9XelHXe14Xe1HY 11X 4HYDOT)
FORMAT (3E15.6)

FORMAT (LH1o10Xs ¢ ISH* kkEakkihsrds sk, /11X 15HDATA FOR X VS T/11X,15 .

LTHE Sk kb sk Sk b k%, / /)

FORMAT {40XeFTo3+3X9F7.3)

FORMAT {1X»18HNUMBER OF CURVES =+14,10X, 18HNUMBER OF POINTS =414/3
12H ENDPOINTS AND JUNCTION POINTS =/{6E20.T)IHENDPOINTSANDJUNC TIONP
20INTS=/{6E20.7))

FORMAT {1HQOs 12X, 1HT 4 19Xy 1HY ¢ 15X, LOHCOMPUTED Y, 10Xs9HRESIDUALS):

FORMAT {1HO« 12X+ 1HT 419Xy 1HX915X910HCOMPUTED X,10X,9HRESIDUALS])

FORMAT (14,E16.7,3E20.7)

FORMAT {(/8Xe 19HSTANDARD DEVIATION=,E12.5)

FORMAT (1H]1 s10X e el SHEZXERREREREEEX%, /11X, 15HDATA FOR ¥ VS T/11X,15
LHE ook Rk sk ki ks, / /)

FORMAY (//73X+s1lH s 18Xs1lHT 920X 1HXv20Xs 1HY /)

FORMAT (15,3E£20.8)

FORMAT {5H1 o BXelHT s 9Xe LlHX 99X o4l HY COMPUTED X COMPUTED Y RES X
1 RES Y 7)

FORMAT [I5,7E10.2)

FORMAT {//19H MAXIMUM RESIDUAL =,E20.7)

FORMAT {1HO, 12Xe LHXs 19Xy IHY 215X+ LOHCOMPUTED Y4210X9HRESIDUALS)

FORMAT (1H1,10X, o LoH k&b senkkkrrkE,/11Xs15HDATA FOR X VS Y/11Xel5
1 HE & ok Kk ok kk ik, / /)

END
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41400000
41500000
41600000
41700000
41800000
41900000
42000000
42100000
42200000
42300000
42400000
42500000
42600000
42700000
42800000
42900000
43000000
43100000
43200000
43300000
43400000
43500000
43600000
43700000
43800000
43900000
44000000

© 44100000

44200000
44300000
44400000
44500000
44600000
44700000
44800000
44900000
45000000
45100000
45200000
45300000
45400000
45500000
45600000
45700000
45800000
45900000
46000000
46100000
46200000
46300000
46400000
465500000
46600000
46700000
46800000
46900000
47000000
47100000
47200000
47300000
47400000
47500000
47600000
47700000
47800000
47900000
48000000
48100000
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Subroutine PLPT.- Subroutine PLPT scales and plots computed values with the

SUBROUTINE
PLPT

Scale computed
values

v

CALL POINT \
Plot computed ’
values

(‘ Return )

The program listing for subroutine PLPT is as follows:

SUBROUTINE PLPT {X,YY.NO)
DIMENS ION X{1l). YYI(1)

NP 1=NO+1

NP2=N0#2

SCALE AND PLOT COMPUTED VALUES WITH POINT ROUTINE

XMv=X{NP1)

XSF=X{ NP2}

YMV=YY {NP1)
YSF=YYINP2)

DO 1 I=1.,NO

X1={ X{ I )-XMV}/XSF
Y1={YY{I}-YMV)/YSF
CALL POINT (X1lsYL)
RETURN

END

o wow

v <]

OO OE

The flow diagram for subroutine PLPT is as follows:

(%] AW N

O~

10

12
13
14
15-

48200000
48300000
48400000
48500000
48600000
48700000
48800000
48900000
49006000
49100000
49200000
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Subroutine CUSPFIT. - Subroutine CUSPFIT applies the least-squares technique
described in this report to smooth data using cubic spline functions. The routine obtains
(1) the value of the cubic spline function and the second derivative at the endpoints and
junction points, (2) the functional values and values of the first and second derivative for
a given x, and (3) the coefficients for each segment of the cubic spline function. In the
flow diagram below, ICODE is a code which specifies the purpose of the current entry into
the subroutine. ICODE is defined as follows:

ICODE =1 Computes second derivatives and functional values at endpoints and
junction points.

=2 Computes functional values for given x.
=3 Computes the first derivative for given x.
=4 Computes the second derivative for given x.

=5 Computes coefficients of cubic equations of the form
Y=Ax3 +Bx2 +Cx +D

The flow diagram of subroutine CUSPFIT is as follows:

—~
{ SUBROUTINE
\ cusprIT

|

{ Compute
| integer
! constants

|

ICODE=5
?

Count number !

N : Compute
of points in elements of
each curve.

X matrix to

Store in N solve for
array coefficients

T of cubic curves

5 b

35
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Compute values
of second der-
ivative for

ICODE > 2

given X.
Set matrix Compute ¢
C=0.0 values of
first der-
Lvative @
for given
X
Begin
computation
for curve
J-1

Set L(J)=length
of segment
J-1 on X axis

e

Compute
coefficient
matrix A
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Yes Compute value
of function

for given X l

No

L, Weight matrix
3

]
i

T 1
Compute A*Y |

Compute conditions
which force first |
derivative to be

continuous z

Pl Pl
__this a closed

Compute conditions |
which force function]
and first derivative

to be equal at end

points

” 4[\\\\\\ /,_l!i,wl_\
N

Save
coefficients
for re-entry

No

1Compute elements 7
! of matrix to |
solve for

. coefficients of
' _cubic curves :

No

i Have
" coefficients
g been found

~~.._ for all
curves

/ CALL SIMEQ

\ Solve matrix ,/

J=J+1 ~. ICODE=5 e

— § ?

e
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The program listing for subroutine CUSPFIT is as follows:

SUBROUTINE CUSPFIT {ICODE«CoNKRoLsXsYsRyNMAXsNCoNoAsWsKDDELLS,KLOS
1€}

FIELD DEFINITIONS
{CopE=1 COMPUTES SECOND DERIVATIVE AND Y VALUES AT R VALUES
ICUDE=2 COMPUTES THE VALUE OF THE FUNCTION FOR GIVEN X VALUES
ICODE=3 COMPUTES THE VALUE OF THE 1ST DERIVATIVE FOR VALUES OF X
ICODE=4 COMPUTES THE VALUE OF THE 2ND DERIVATIVE FOR VALUES OF X
ICODE=5 COMPUTES AN EQUATION OF THE FORM Y=AX*#3+8X&¥24+CX+D
X{I) AND Y{I) ARE THE CO-URDINATES OfF THE DATA POINTS
RIJ) [S THE VALUE OF A JUNCTION POINT OR AN END PODINT
NMAX 1S THE MAXIMUM NUMBER OF POINTS PER CURVE
LO=3%NUMBER OF CURVES+1
A IS THE COEFFICIENT MATRIX
C IS THE MATRIX WHICH REPRESENTS THE EQUATION
T T T

{A A B )X) (A Y)

{ My = q )

(B 0 MK} { 0
K IS THE LAGRANGIAN MULTIPLIER
L{1) ERROR CODE
L{J#1) IS THE LENGTH ALONG THE X~AX1S OF THE JTH SEGMENT
N{J) IS THE NUMBER OF POINTS PER CURVE N{NUMBER OF CURVES + 1)=
THE TOTAL NUMBER OF POINTS

DIMENSION CS5(54.4)
DIMENSION A{NMAX.1)s C(NCs1), NI1)s R{1}, L{1)y X{1}, Y(1), IPIVOY
{1, W{L)

REAL L

JJ=0

L{1Y=0.

L0=3%NKR+1

IF {KLOSE.EQ.L) LO=LO#2
LA=L 0

LR=L0O+1

LL=L R-NKR

IF (KLOSE.EQ.1) iL=LL-2
NKRI=NKR+1 )

IF (ICODE.EQ.5) GO TO 30
J=2

[STUNT=0

ICOUNT =0
ICOUNT=ICOUNT+1
ISTUNT=ISTUNT+1

IF (XUISTUNT)}I-R{JD)} 2434
N{J~1)=ICOUNT

GO 10 5

N{.J-1}=ICOUNT-1
ISTUNT=ISTUNT~1

IF (NLJ-1I-NMAX)} T¢7+6
Ji=J-1

L{l1)=2.

PRINT 40, N{JIDoJI

GO 10 39

J=J+1

I{F {J-NKRLl) 1.1.8
NINKR+1)=ISTUNT

I (ICODE~2) 911,24

N0 10 J=1l.LR

DO 10 I=1,L0

CliIyJ1=0.0

CONT INUE

OO EOOOOCOOOOOOONOOOO 0000000000000 COOOOOOOODOODOOODO0O0 OO0
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49900000
50000000
50100000
50200000
50300000
50400000
50500000
50600000
50700000
50800000
50900000
51000000
51100000
51200000
51300000
51400000
51500000
51600000
51700000
51800000
51900000
52000000
52100000
52200000
52300000
5240000.0
52500000
52600000
52700000
528006000
52900000
53000000
53100000
53200000
53300000
53400000
$3500000
53600000
53700000
53800000
$3900000
54000000
54100000
54200000
54300000
54400000
54500000
54600000
54700000
54800000
54900000
55000000
55100000
55200000
55300000
55400000
55500000
55600000
55700000
55800000
55900000
56000000
56100000
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COMPUTES COEFFICIENT MATRIX(A)

IN=0

iM=1

[1=0

DO 20 J=2,NKR1
IK=N{J-1)

iF {IK.EQ.0) GO TO 19

LEN)=RIJ)-RI-1)

IN=IK+IN

DO 12 I=IMyIN

K=[-IM+]1

XI=X{I)1-R{J)

XIML=X{I}~-R{J-1) ’
AlKe 1) ={=XTI*%3/ (6, ¥LIJNI+L (N *XTML/6.-L LI *%2/64 )
AlKoe2)=(1e~XIM1/LLJ))

AlKe 3} ={XIML%%3/{6.0%L{5))-LIJ)*XIM1/6.)
AlKe4)=XIML/7L(J)

CONTINUE

IF (ICODE.EQ.2) GD 70 22

WE IGHT POINTS W% A*¥ X = WY

DO 13 [=IM,]N
K=I-1IM+]

AlKe L) =AL{K L )20 ILT)
AlKe21=A{Ko2)%W(I)
ALKy 3)=A(K3)I¥WLI)
A{Ke4)=AlKy4a)*Wd( 1)
YCD)=W{T1d*Y{ )

COMPUTES A TRANSPOSE * A

KK=0

IL=1

DO 16 K=1l.4
KK=K+11

DO 15 M=IL,4
MM=M+I1

DO 14 I=1,IK
CIKKeMMISALT KIKALTZM)+CIKKyMM)
CONTINUE
CIMMKK)=CIKKsMM)
CONT INUE

fL=IL+1

CONTINUE

COMPUTES A TRANSPOSE % Y

DO L7 M=1l.4

MM=M+] 1

DO 17 I={M,IN

K=[-IM+]1
CIMMoLRI=ALK MI®Y (1) #CIMM, LR}
CONTINUE

IF (J.EG.2) GO 7O 19

COMPUTES CONDITIONS FORCING THE FIRST DERIVATIVE TO BE CONTINUOUS

J=J=1

LtLd=LL+4-1

K=11-2

ClLLJW1+K) =L (J) /6.
ClLLJ2 24K} =—1./1L 14}
ClLLIW3+K)I={L{JI+L{J*1)) /3,
ClLLJva#KI={LLJ)+L{d#1 )0/ (L e )% J})
CiLLI, 5+K)=L1J*+1) /6.

ClLLJs 6#K)==1 /L LJ#1)}
COL+KoLLI)=CALLI, 1 #K)
C{2+Ky LLUI=C(LLJ, 24K)

o000 o OO0 0O00 [

o

OO0 %] OO0

OO0 OO0O00 [a}
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65
66
67
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70
71
72
73
74
75
76
17
78
79

80

81
82
83
84
85
86
87

88

103
104
105
106
107
108
109

110

111
112
113
114
115
116
117
118
119
120
121

56200000
56300000
56400000
56500000
56600000
56700000
56800000
5690000.0
57000000
57100000
57200000
57300000
57400000
57500000
57600000
57700000
57800000
57900000
58000000
58100000
58200000
58300000

58400000
58500000

58600000
58700000
58800000
58900000
59000000
59100000
59200000
59300000
59400000
59500000
59600000
59700000
598000060

59900000

60000000
60100000
60200000
60300000
60400000
60500000
60600000
60700000
60800000
60900000
61000000
61100000
61200000
61300000
61400000
61500000
61600000
61700000
61800000
61900000
62000000
62100000
62200000

" 62300000

62400000
62500000
62600000
62700000
62800000
62900000
63000000
63100000

39
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CI3+K,LLUI=C(LLJ-34K)
CLa+Ko LLI)=C{LL I 44K)
CIS+KoLLUI=CALL YL 5+K)
Clo+KLLII=C(LLIo64K)
IF (KLOSE.EQ.Q) GO TO 18
IF {J.NE.NKR1-1} GO 7O 18

FORCE EQUALILYY OF THE FIRST DERIVATIVES AT THE ENDPOINTS

LiLJd=LLJd+l

ClLLL U 3%K)=~1L(J*1) /6.
ClLldsatKi=L/L1J+1)
ClLLJoS#KI=-11Jd+1) /3.
ClLLIe 64K} =~1/7LLJ+1)
ClLLJe1¥=—112})73.
ClLLJ 2)=-1./7L12)
ClLLJe3)=-L(2)/6.
ClLLJee)=1o/L(2)
CL3+KeLLI)=C{LLJ3#K]}
ClerK,LLJY=CILLI,44K)
CIS5+KLLJI=CLLLJ+5+K])
Cle+Ke LLUY=CILLJ,6#K)
Cil.LLJd)=ClLLI, 1)
C{2.LLJ¥=C{LLI,s2)
C{3.,LLI}=CILLI,3)
ClaelLI)=C{LLI, &)

FORCE EQUALITY OF THE FUNCTYIONAL VALUES AT THE ENDPOINTS

LLJ=LLJ+1

ClLLJ,2)=1.

Cl2l.LLd)=1.
C(LLJ,64K)=~1.
Clo#KoLLJY =1,

J=J+l

lI=11+2

IM=EN#1

CONTINUE

IF (ICODE.EQ.2) GO TO 39
CALL SIMEQ {CeLAC(1+LR) 1, DEToLyNCo+ ISCALE)
IF (ICODE.EQ.S) GO TO 32
GO 10 39

COMPUTES VALUES OF THE FUNCTION

DO 23 I=IM,IN

K=I-1M+1

YOI =CAl4E T, LRIFA(IK, LI+C {2+ LI sLRIZAIK¢2) 4C{3+1T1,LR)I*A(K,3)+C(4+11,
LLRI*A{Ky 4}

CONTINUE

GO 10O 19

IN=0

IM=1

IF (ICODE.EQ.4} GO TO 27

COMPUTES VALUES OF THE FIRST DERIVATIVE

DO 26 J=2,NKRL

L{J)=R1I}I-R(JI~1]

IN=N{J=-1)+IN

SLJ=C{2%J-1,LR)

SLJ1=C{2%J-3,LR)

YLJ=C(2%J.LR)

YLJL=C (2% J-2,LR)

D0 25 I=IM,IN

YOLY=SLILR (= {X{T ) -REID D222 /{2 %L V4L LJD/ 6 V4SLI*{AXLT}-RII-1) ) %%
127 12.%L () 1-LLJ /61 +{YLI-YLIL)/LLI)
CONTINUE

IM=IN+1

OO0 (g} CIOOOO0

(nd

OO OO0

QOO0 O0 © GOOPODODOOOD (]

122
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124
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130
131
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138
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140
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148
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152
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164
165
166
167
168
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172
173
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175 .

176
177
178
179
180
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182

63200000
63300000
63400000
63500000
63600000
63700000
63800000
63900000
64000000
64100000
64200000
64300000
64400000
64500000
64600000
64700000
64800000
64900000
65000000 -
65100000
65200000
65300000
65400000
65500000
65600000
65700000
65800000
65900000
66000000
66100000
66200000
66300000
66400000
66500000
66600000
66700000
66800000
66900000
67000000
67100000
67200000
67300000
67400000
67500000
67600000
67700000
67800000
67900000
68000000
68100000
68200000
68300000
68400000
68500000
68600000
68700000
68800000
68900000
69000000
69100000
69200000
69300000
69400000
69500000
69600000
69700000
69800000
69900000
70000000
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CONTINUE
GO 10 39

COMPUTES VALUES OF THE SECOND DERIVATIVE

DO 29 J=2,NKR1
SLJ=C{2%J-14LR)
SLJ1=C(2%J-34LR)
YLJ=C{2%J LR}
YLJL=C(2%J-2,LR)
IN=N{J=-1)+IN
L1J)=R{JI-RUJ-1)
DO 28 I=IM,IN
YOI =SLI XTI =REJ=1II/LEID D +SLILF LIRIII-XE DD /LLID)
CONTINUE
IM=IN#1

CONT INUE

60 TO 39

COMPUTES THE EQUATIONS OF THE FORM AX%%34BX*%2+¢CX+D

LR1=LR

DO 37 J=2.NKR1

D0 31 IL=1.2

Cl2*IL-1.20=2.
C{2%IL-1+433=0.
Cl2*%IL~1+4)=0.

C(2%[Le4)=1.

C 2%[L-1e L )=6*R{J+IL-2)

DO 31 I=1.3
ClI+5)=C{2%J-4+].LR)

C{2¥IL o D)= {RIJHIL-2) ) %% (4-1)
CONTINUE

Cl4y5)=C{2%J.LR)

LA=4

LR=5

GO 10 21

LR=LR1

JI1=J-1

PRINT 41, JI.{C{I+5)el=1+%)

SAVE COEFFICIENTS

IF (KDDE.EQ.4) GO TO 3o
IF (KODELNE.O) GO TD 34
DO 33 I=1l,.4
CS{Jil«1)=C(1.5)

GO TO 36

DO 35 I=1l.4
CS{JI+#27.1)=C{I,5)
CONTINUE

NR={L 0—NKR1 +J

00 37 I=1l.s4
CINRLEI=C(I,5)

CONTINUE

DO 38 J=1l,NKR

NR=L R-NKR1 +J

D0 38 I=1.4

ClJe 1)=C{NR, I}

CONTINUE

RETURN

FORMAT (36H ERROR CONDITION--NMAX IS TUO SMALL./711H THERE ARE

117H PUINTS ON CURVE #1241Ha.) .

215,

FORMAT {(/7H CURVE 12/4XeF23.99 THIX¥%3}4,F23.9¢ TH{ X¥¥2)4,F23.9,4H(

1X1¢.F23.9)
END

O OO OO0 O0 GO0

OO0

(%]

OO OD O OO0 000

183
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191
192
193
194
195
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201
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205
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207
208
209
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212
213
214
215
216
217
218

219

220
221
222
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224
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226
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229
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2317
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239
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70100000
70200000
70300000
70400000
70500000
70600000
70700000
70800000
70900000
71000000
71100000
71200000
71300000
71400000
71500000
71600000
71700000
71800000
71900000
72000000
72100000
72200000
72300000
72400000
72500000
72600000
72700000
72800000
72900000
73000000
73100000
73200000
73300000
73400000
73500000
73600000
73700000
73800000
73900000
74000000
74100000
74200000
74300000
74400000
74500000
74600000
74700000
74800000
74900000
75000000
75100000
75200000
75300000
75400000
75500000

75600000
75700000

75800000
75900000
76000000
76100000
76200000
16300000
76400000
76500000
76600000
76700000
76800000
76900000
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Subroutine SUP. - Subroutine SUP, used in cases selecting the parametric version,
computes the parametric variable t and sets up the arrays to be used in subroutine
CUSPFIT. The flow diagram for subroutine SUP is as follows:

yd
(’ SUBROUTINE \
sSUP

Compute
parametric :
variable !

S e §

R,

|

Move arrays to i
' make t independent |
variable and x
! dependent
! variable
l

The program listing for subroutine SUP is as follows:

SUBROUTINE SUP {XsYeT,sZeXMAXTsNMAT) D i 17000000
77100000

* COMPUTE PARAMETRIC VARIABLE AND SET UP ARRAYS D 2 17200000
77300000

DIMENSION X{310), Y{(310), T(310), Z{310) D 3 77400000
TU1)=XMAXT=0. D 4 77500000

DN 1 I=2.NMAT D 5. 771600000

1 T{O =X =X (I-1)) 26 (Y [ D)-Y{TI-1)) #%2+T(I-1) D 6 77706000
IF (T{I).GTe XMAXT) XMAXT=TL(I} D 7 77800000

DO 2 I=1.NMAT b 8 77900000
I{L=y(1) o 9 78000000
Yiir=x{n D 10 18100000

2 X(I)=T(1) -0 11 18200000
RETURN 0 12 78300000

END D 13- 78400000
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Subroutine MINMAX, - Subroutine MINMAX finds the minimum and maximum values
of data to be plotted when using the parametric option of the program. The flow diagram
for subroutine MINMAX is as follows:

SUBROUTINE  \
MINMAX

Compute minimums
and maximums

A /

C Return )

The program listing for subroutine MINMAX is as follows:

SUBROUTINE MINMAX [A+NsAMIN,AMAX) E 1 78500000
78600000

* TO FIND MINIMUM AND MAXIMUM VALUES IN E 2 7870.0000
* C A= AN ARRAY, USER MUST DIMENSION A TO FIT HIS ARRAY E 3 78800000
* Cc N= NO OF VALUES IN THE ARRAY E 4 78900000
79000000

DIMENSION A(310) E 5 79100000
AMIN=1.0E20 E 6 79200000
AMAX=1.0E-20 E 7 79300000

DO 1 I=leN E 8 794006000

IF {A(I).LTLAMIN) AMIN=AL(I) E 9 79500000

IF (A{1).GT.AMAX) AMAX=AL(I) E 10 79600000

1 CONTINUFE E 11 79700000
RETURN E 12 79800000

END £ 13- 79900000
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Subroutine SCALEBW. - Subroutine SCALEBW scales the values for plotting in cases
using the parametric option, The flow diagram for subroutine SCALEBW is as follows:

SUBROUTINE
SCALEBW

Scale values for
plotting

|
( Return >

The program listing for subroutine SCALEBW is as follows:

SUBROUTINE SCALEBW {YMIN,YMAX) F 1 80000000
80100000

* SCALE FOR PLOTTING F 2 8020.0000
80300000

DIMENSTON FAC(3) 3 80400000
FAC{1l)=1.0 4 80500000
FACL2)=2.0 5 80600000
FAC(3)=5.0 6 80700000
FAK=1.0E~-8 7 80800000
YMINS=YMIN 8 80900000
YMAXS=YMAX 9 81000000

A=(YMAX-YMIN)/10.0

1 CONTINUE
DO 3 J=1.16
FAK=10.0%FAK
DO 2 I=1,.3
C=FAK%*FAC( 1}
IF (A.GT.C) GO TO 2
B=AMOD{(YMIN,C)
IF (YMIN.GT«0.0) YMIN=YMIN-B
IF (YMIN.LT.0.0) YMIN=YMIN-{C+B)
YMAX=YMIN+10.0%C
IF {YMINS.LT.YMIN) GO TO 4
If (YMAXS.GT.YMAX) GO TO 4
RETURN

2 CONT INUE

3 CONTINUE ¢
PRINT 5» A YMIN,YMAX.C

10 81100000
11 81200000
12 81300000
13 81600000
14 81500000
15 81600000
16 81700000
i7 81800000
18 81900000
19 82000000
20 82100000
21, 82200000
22 82300000
23 82400000
24 82500000
25 82600000
26 82700000

MAMT AN AT ANNADA AN AN AT I NN

RETURN 21" 82800000

4 A={YMAXS-YMINS)/5.0 28 82900000
GO 101 29 83000000
83100000

* F 30 83200000
83300000

5 - FORMAT (/40H NEED TO ALTER SUBROUTINE SCALEBW A=E15.8¢ 2K SHYMI
IN=E15e802X s SHYMAX=E15802X 5185556/ 3X.2HC=E15.8/)
END

31 83400000
32 83500000
33~ 83600000

mmw

44



APPENDIX B — Continued
Langley Library Subroutine SIMEQ

Language: FORTRAN

Purpose: SIMEQ solves the matrix equation AX = B where A is a square coefficient matrix and B is a
matrix of constant vectors. The solution to a set of simultaneous equations and the determinant may be
obtained. If the user wants the determinant only, use DETEYV for savings in time and storage.

Use: CALL SIMEQ (A, N, B, M, DETERM, IPIVOT, NMAX, ISCALE)

A A two-dimensional array of the coefficients.

N The order of A; 1 =N = NMAX.

B A two-dimensional array of the constant vectors B. On return to calling program, X is
stored in B.

M The number of column vectors in B.

DETERM Gives the value of the determinant by the following formula:
DET(A) = 10100 ISCALE(DETERM)

IPIVOT A one-dimensional array of temporary storage used by the routine.
NMAX The maximum order of A as stated in dimension statement of calling program.

ISCALE A scale factor computed by subroutine to keep results of computation within the floating-
point word size of the computer.

Restrictions: Arrays A, B, and IPIVOT are dimensioned with variable dimensions in the subroutine. The
maximum size of these arrays must be specified in a DIMENSION statement of the calling program as:
A (NMAX, NMAX), B (NMAX, M), IPIVOT (NMAX). The original matrices, A and B, are destroyed.
They must be saved by the user if there is further need for them. The determinant is set to zero for
a singular matrix. '

Method: Jordan's method is used through a succession of elementary transformations: I,, .1, . . -, I1.
If these transformations are applied to a matrix B of constant vectors, the result is X where AX = B.

Each transformation is s_elected so that the largest element is used in the pivotal position.

Accuracy: Total pivotal strategy is used to minimize the rounding errors; however, the accuracy of the
final results depends upon how well-conditioned the original matrix is.

Reference: (a) Fox, L.: An Introduction to Numerical Linear Algebra. Oxford Univ. Press, c.1965.
Storage: 432g locations.

Subroutine date: August 1, 1968.
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Langley Library Subroutine FTLUP
Language: FORTRAN

Purpose: Computes y = F(x) from a table of values using first- or second-order interpolation.
An option to give y a constant value for any x is also provided.

Use: CALL FTLUP(X, Y, M, N, VARI, VARD)

X The name of the independent variable x.
Y The name of the dependent variable y = F(x).
M The order of interpclation (an integer)

M=0 for y a constant. VARD(I) corresponds to VARI(I) for
I=1,2,.. ., N, For M=0 or N=1,y=F(VARI(1) for any value of x.
The program extrapolates.

M =1 or 2. First or second order if VARI is strictly increasing (not equal).

M = -1 or -2. First or second order if VARI is strictly decreasing (not equal).

N The number of points in the table (an integer).
VARI The name of a one-dimensional array which contains the N values of the independent variable.

VARD The name of a one-dimensional array which contains the N values of the dependent variable.

Restrictions: All the numbers must be floating point, The values of the independent variable x in the
table must be strictly increasing or strictly decreasing. The following arrays must be dimensioned by
the calling program as indicated: VARI(N), VARD(N).

Accuracy: A function of the order of interpolation used.

References: (a) Nielsen, Kaj L.: Methods in Numerical Analysis. The Macmillan Co., ¢.1956, pp. 87-91,
(b) Milne, William Edmund: Numerical Calculus. Princeton Univ, Press, ¢.1949, pp. 69-73.

Storage: 430g locations.
Error condition: If the VARI values are not in order, the subroutine will print TABLE BELOW OUT OF
ORDER FOR FTLUP AT POSITION xxx TABLE IS STORED IN LOCATION xxxxxx (absolute). It then

prints the contents of VARI and VARD, and STOPS the program,

Subroutine date: September 12, 1969.
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Usage

The program D3670 is run on the Control Data series 6000 computer under the
scope 3.0 operating system. The storage required for a batch run is approximately
70000g locations and for an on-line CRT run is approximately 75000g locations. Cases
implementing the on-line CRT capability use the CDC 250 CRT console. Instructions are
written into the program and displayed on the screen to inform the on-line CRT user of
options available to him at various points in the program. The user conveys his selec-
tions through the use of the function keyboard and the typewriter keyboard at the CRT con-
sole (see fig. 3). If the curve fit obtained is not satisfactory, an on-line CRT user can

&

T2 R0 RN

ls

1;;6%1:’,&“”

g RRRS L]

CRedgerviet

, _ I-72-4136
Pigure 3.- CDC 250 series CRT console.
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change the values of the joints <set {;‘g]};’f_lél and possibly the number of curves (m - 1)

in the spline approximation and go back to recompute the spline function. When running

a parametric CRT case, the user can go back at any time to recompute S Ax(t) or S Ay(t)
so that these approximations might be improved. This can be desirable after displaying
the curve on an x-y coordinate system with points computed as t is incremented through
its range.

When a case is run as a batch job, the options mentioned above are not available so
that the job is completed with the values originally input.

Input Description

Input is standard CDC FORTRAN NAMELIST. There is an option available allowing
the coordinates of the input points to be read in a format so that cards punched by another
program could be directly input into this program. If a batch parametric case is being
run, the first input values for the joints are taken as the joints for the spline function
S Ax(t). A second set of input is read so that the joints may be changed for computing
SAy(t). H a CRT parametric case is being run, the second read could be bypassed if
the same joints used in the computation for SAX(t) are desired for the computation of
S Ay(t). This is done according to instructions from the CRT console.

To simplify the necessary input in a standard nonparametric case, the value of the
abscissa of the first point to be smoothed is subtracted from all other abscissas before
the spline functions are computed. This enables the user to input joints beginning with
zero and stepping up to the value of the abscissa of the last point minus the value of the
abscissa of the first point.

The NAMELIST input data, listed under $NAM1 are given as follows:

X array of abscissas of points to be smoothed
YY array of ordinates of points to be smoothed
NKR number of cubics to be used to fit the spline function

(DEFAULT = 1)

R array of (NKR + 1) values for the endpoints and joints between curves in
* the spline function
(DEFAULT: R(1) =0.0, R(NKR + 1) = X(NMAT) - X(1))

NMAT number of points to be smoothed
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IFLAG = 0 if coordinates of points are input with a format
=1 if coordinates are input with NAMELIST
(DEFAULT = 1)

w array of NMAT values of weights for input points
(DEFAULT =10, i=1,2,. .. NMAT)

Ko =1 for standard CRT version
= 2 for standard batch version
=3 for parametric CRT version

=4 for parametric batch version
(DEFAULT = 1)

KLOSE =0 for arbitrary curve
=1 for closed curve parametric case
(DEFAULT = 0)

Output Description

Output is in the form of plotted curves and printed data. For a standard case, the
input data points and the computed spline function are plotted on an x-y grid, Small ver-
tical bars are plotted to indicate the junction points in the spline function. For an on-line
case, these joints may then be manipulated to obtain a satisfactory curve fit. The printed
data for a standard case consist of a listing of the number of points, the number of curves,
‘the endpoints and junction points, and a table giﬁring the input y values, the computed
spline and the residuals at the input x values. This is followed by the residual standard
deviation and a listing of the coefficients of the computed cubic curves making up the
spline function. '

For a parametric case, similar data is plotted on a t-x grid and printed with this
input and computed x as a function of t. This is followed by a plot on a t-y grid and
printed output of y as a function of t. The input points are then plotted on an x-y grid
with the curve determined by incrementing through values of t and plotting S AY<S Ax(t)).
A listing of the value of t for the input x and y is also printed with x, y, S Ax(t)’
SAy(SAX(t)>, and the residuals.
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APPENDIX C
EXAMPLE APPLICATIONS OF ALGORITHMS AND COMPUTER PROGRAM

This appendix describes three example applications of the use of the algorithms and
corresponding computer program. These examples demonstrate the explicit techniques
and the parametric technique with and without the closed-curve option. The data sets of
the applications are chosen for their demonstrative character rather than their relative-
ness to particular engineering problems. The input data are shown as they would be
written for submittal to the computer, and the output data are shown as they would appear
on the CRT and output listing.

Example Applications
Case 1 Explicit Algorithm

Case 1 is a standard case, the input is as follows:

$NAML

X = 0De0, O0.lE+00, O0.2E+00, 0.3E+00y 0.4E+0C, 0.5E+00, 0.6E+00,
0.76400y Q.8E+0Cy, O0.9E+0C, O.1E+0L, OQ.11E+0l, 0.12E+0l.
0.136+401, O0.14E+01, O0.15E+01, 0.16E+401, 0.17E+0l, 0.18E+01,
0.19E+¢01y O.2E+01, 0.21E+Cl, 0.22E+0l, 0.23E+01l, 0.24E+01,
0.25E+40ly 0.26E+0ly 0.27E+0l, 0.28E+01l, 0.29E+01, 0.3E+0l,
0.31E+01, 0.326+01, 0.32E+0ly 0.34E+01, 0.35£+01, 0.36E+01,
0¢37E+0Ll, D038E+0l, 0.39E+0ly 0.4E+0l, 0.4lE+01l, 0.42E+01,
0.42E+01, 0.44E¢01, O0.45E+Cl, 0.46E+0ly 0.47E+¢01, 0.48E+01,
0+49E+01y 0.5E+01ly 0.51E+01y 0.52E+Cl, 0o53E401s 0 54E+0l,
0.55E40ly 0.56E+01ly 0.57E+Cly 0.58E+01, 0.59E+0l, 0.6E+01,
0.61E+01ly 0.62E+01, 0.€3E+Cly 0.64E+01, 0.65E+0l, 0.66E+01,
0o 67E+0ly 0.6BE+01, O0.69E+01, O0.7E+0l, 0.71E+01, 0.72E+0l,
0.72E+01, O0.74E+01, O0.756+401, 0.76E+Cl, 0.77E+0l, O0.78E+01,
0.79E+01, 0.8£+401, 0.81E+0ly 0.82E+0l, ©0.83E+01, 0.84E+01,
0.85E+01, 0.86E+01, 0.87E+Cl, O0.88E+0l, 0.89E+0l, 0.9E+01,
0eGlE+0l, 0.92E+01y, 0e.93E+0l, 0.94E+01,

Yy = ~0.211E+01ly, -0.32E+01, -0.309E+01, -0.315E+01, —0,306E+01,

~0.285E+401ly ~0.268E¢01y —0.25E6E+01, =-0.232E+01y —0.244E+01,
“0e252E+01y =~De23SE+0ly -0o24E+01y —0.256E+01l, —0,238E+01,
-0.2256+01, —0.229E+01, -0.225E+01y —0.209E+01ly —~0.216E+401,
~0.18B8E+01y -0,212E+01, ~0.21E+01y ~0,161E+01, -0.165E+01,
~0e191994E+01l, -0.166E¢01,y ~0,192E401y —0,244E+01ly -0.211E+01,
~0.221E401, ~0.222E+01y —0.245E+01y, —0.245E+01, —=0.26E+01,
~De263E+0L, ~00281E+401, —0.322E+01, -0.347E+01ly -0.345E+01,
~0.364E+01, ~0.361E+01, —=0.356+01, —0.,316E+01l, ~0.,315E+01,
-0e311E+01ly —0.3056+01, —~0s265€+01, -~04301E401y -0.317E+01,
-0332E401y —-0.323E+01, —-0.353E+01, ~0.395E+01, —~0.376E+01,
—0.379E+01, =0.384E+0l, —0.399E+01l, ~04378E+01ly ~0.378E+01,
~0.32BE+01ly -0.352E+401, ~0.344E401, -0.305E401, -0.302E+01,
—0.261E+01, ~0.2BTE+01, —0.262E401, -0e219E+01ly -04288E+01,
-0.34E401y —~0.346E+01y -0.38lE+0ly -0.408E+0Ll, -0.43E+01, ~0.434E+01,
~0e416E+01y =0e502E4+01, =0e412E+01y —04337E+01ls ~0.291E+01,
~0.2C8E+0Lly —0.129E+0l, -0.41F+0Cs 0.11E+00y O0.9E-01, O0.53E+00,
Oo1E+0L, 0043E+00, 0.26E+00s O0s491E+00, 0.167E+01, 0.328E+01,
0.5C3E+01, 0.715E+#01,
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NKR

NMAT

1FLAG

KC
KLOSE

$END

2y

0-01 0035E+01'

S5,
1,

0.,1E+01,
O41E+01,
001E+011
Oe1E+01,
0.1E+01,
0.1E+01,
OolEfol'
O0.1E+01
0.1E403,
O.1E+01,
0.15*017
0e1E+01l,
0.1E+01,
0.1E+01,

29

0,

APPENDIX C — Continued

0.94E+01,
0.1&*01’ O-lE*Ol'
0.1E+01y 0.1E+01,
0.1E+01y O.1E+01,
Oe1E+01y 0.1E+01,
0.1E+0i, O0.1E+01,
00.1E+01,y O.1E+01,
0.1E+01l, O.1lE+01,
O.1E+01y O.lE+01,
0.1E+01, O,1lE+#0l,
0-15+01’ OolE*Ol'
0.1E+¢01, O.L1E+01,
0.1E+01l, 0.1E+01,
0.1E+01, 0.1E+01,
0.1E+01, 0.1E+01,

The output is as follows:

0. 1£+01,
041E+0]1,
0.1E+01,
O.1E#+01,
0. 1E+01,
0.1E+01,
0.1lE+01,
De1E+01,
OQIE*OIQ
0+1E+01,
0.1E+011
0.1E%+01,
0.,1E+01,
0.1E+01,

0.1E+01'
001E*011
0.1E+01’
O.1lE+01,
0¢1E+01|
0.1E+01,
O.1E+011
001&*01!
0.1E+01,
OolE*oli
0.1€401,
O.1E+01,
0.1E+011

0.1E+01,
O.1E+01,
0.15*011
001€+01’
0-1E+01’
001E+01’
0.1E+01,
0.1E+011
O.1E+C1,
001E+011
0.1E+01,
0.1£+01,
0015*01'

OnlE+011
0. 1E4#01,
O.1E+01,
0015*01!
O.IE*Olv
0. 1E¢01,
0.1E+01,
0. 1E+01,
0.1E+01'
0. 1E+01,
001E+011
0.1E4+01,
001E+01'

In this case, it is desirable to find a curve fit which will smooth the input data.
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APPENDIX C — Continued -

Case 2

Case 2 is a parametric algorithm, closed curve.
for Sa.(t) is as follows:

The input with junction values

$NAML

—0413143E401, -O.l#OS?E*Oly ~0s1457TE+01y ~0,15725E+01y ~0.1689TE+J1,
~0e1794E+01, ~0.,19143E+401, —0.20442E401ly —0,21521E401y ~0,22876E+01,
~0e2434E+01) -0025576E+0Ly —0e2686E+01y —0428353E+401, —0.29571E+01,

X =

YY

56

~0e303821E+31,
-0e33374E401,
—Ue 31324Ef01'
~0e275E8E+D1y
-0e23348E+31y
-0e18808E401,
~Je15GT2E+01,
~0el3%07E+01,
~-0.10U804E+01,
~0e5958E+130y
-0 291E~21,
Ue6045E+00,
0.11303E 401,
Cel4dB9E+I1,
Je17136E4#21,
Oe1G7856F + 01y
0e243C5E+01,
Je2874TE+J1,
0e33141E+D1,
Je 32446E+01,
04 29053E+01,
Je 230T4E+T31,
Oe18U6E+01,
0e413736E+01,
Os 1C3E+D1,
0e4325E473C,
~0el404E+00,
~GaT4SIE4 DD,
~Cel2754E+01,

-0s31622E421,
—0e 33229F+01,
-0430542E+01,
~0e2661T7E+0L,y
—-0e22534E4+01,
—Je 18024E+401,
=0s1566TE+D],

~0032439E401s —043301E+01,
~0e3279E+01y —0e32374E+01,
~0s297TT1E+0Ly —0s2926E+01,

~0e25698E+01,
=0e21679E401,
—0e017466E%01,
~0e15156F+01,

=0e24946F +01,
~0e 2056RE+01,
~0e 16T96F #01,
~0s1478E+01,

—0e13655E401y —0s,13124E+01, ~0s12351E+01,

—0s1C331E4)1,
~-0e4T33E4+020,
De942E-01,

CoT325E+00y

0e12053E+01,

0s 15E502F 401,

0 17529E401,
0¢ 20503E401,
Ga24936E+01,
Ge30052E%01,
0. 33142E+01,
06 31976E+01
0. 2787S£+01,
Je22235E+01,
Cs L7073F 401,
Qe 13377E#+01,
00 9484E+ 0D,
0.3126E+0),
-0e2773E£40C3y -
—ueB4lEeE+I0, ~-
—0.13143E+01,

Qs

~0e346TE+0O0,

0.8326E+00,

~0e9252E+CDy

2336E+00,
06 8549E+0D,
0s12804E¢01,
Je 15G999E+ 01,
Ce1B1lUBE+CLy
0e21218E+01,
Ge25913FE+01,
0031123E401,
0e33116F+01,
Ge31609E+Ul,
U0 26T26E+01,
Ce2117754C1,
0.16002E+01,
Oe 12653E+01,
0-
06221E+400y Qo
e 4004E+00,
0e9317E+00,

Ue3594E+00,
0.9692E 400,

~0e5174E+37,
—06 10207TE+D1L,

~0e8219E#00,

Ol
Je 12554E+01,
0e16194E+G1
J. 19631E+01,
00 22045E+01,
D0.27E+01
0031965F+01,
0e32931E +01,
De3U936E +31,
Ne 25456E#01,
Je 20G142E€ 401,
0e14991E+D1,
Je11979E +01,
T162E+00,
1028E+00,
‘O.

~0633361E#)1 .
-0+31IB52E431,
-0e28629E+01,
-0e24114E4D1,
-0,19795€+01,
~Nel6311E+01],
~0+1435TE4+01,
~0411578E401,

~0e6998E+20,
—0e2514E420y *~0s 1417E+00,
0e4849E+00,

105688E+01,
0e14304E4+01,
Je16684E401,
0e19281E+01,
0,22802E40 1,

De2TB62E+L1,

Co32621F+01,
. 0s326T1E+01,
Je30068E421,
0024276E*317
0s19131E+21,
Je14256E401,
0.,11148E+01,

0e5863E4+00,
~3e27€E-01,

6302E+00,

~Je11146F+01,

= -0e12983E+01y —0612234E¢01, —0011862E+01, —0e11143E+01y -0410539E+01,

~Uel0J2TE#D1,
~CuT7278BE+00,
~Ue4R1BE4+0D,
—G0e15C3E+00,
Je518E-01,
Co2733E+00,

~0e9433E+00,
-0s6848F+00,
~De 4443E+00C,
-0s1278E+D0,
06 1053E+00,
De3265E+072,

~0e8826E+0J; —CeB362E+I0y —-0,7824E+00,
~0e6396E+00, -0e5839E+00y -GeE354E+D0,
—Je3928E+00, ~0+3293E+00, -0.2288E+00,
—(0eA51E~Cly —~0e257E-J1y 0.149E-01,
3e 1544E400, 041859E+00, J4221%E+30,
Qe 3T3E+00y Ce4l14E+00y Ce4534E+DD,

Je493TE+I0,
Ce7327E+I0,
J3e8966E+00,
QJel1G36E+01,
Je14£6J7E 401,
Jel745E+01,
Je18471F 4901,
CelT7483E 431,
Qe 145G9PE+D1,
?

00 5364E+00,
OeTT64E+0D,
0e0466E+00,
Je 12241E4+401,
0o 1523 6E+J1,
0o 17826E+01,
Jo 18447E+01,
0o 16384E+01,
Je 138756401,

N6 ST92E40D,

0 BO95E¢00,

0.10226E4D1,
Ce1272E4+01,
0al15852F+C1,

Ca18121E+01,
Ge18329E4+01,
O 16409E¢01,
0s 13152F401,

Je 6364E+00y
O 8458E+00,

0s6TTBE+DD,
0e 8T15E+00,

0. 10791E+31,
00 13345E+01,
Do LE4SEE +G1,
0. 18276E+01,
0. 18126E+D1,
Do I5T96E+31,
04 1242°E +71,

0.11339E+01,
0e13GT8E+0L,
0e1702E+31,
0e18406E+01,
0e17841E4+01,
0.15141E+01,
D¢ L1706E#D 1,

Ce1J681E+01 0o 10046E+71y (e9358E+400, 0.8828E+00, 0.8567E4+00,
s B2T6E+ 00Uy 0.803E+00y 0D.7685F+00y 0.7384E+00s 0De7T0GIEHDD,
Je6TIIE+UIy 0Veb6314E+00, -« Ve5915E400, 0.5474F+00, 0.50T76E+00,
De4431E4+CDy (e3985FE+LDy - 0e341TE4+0Q, 0.2864F+00, 0.2436E+00,
Je1995E+GJy 0s13176+#020, . 0 7T05E-01, O0.183E-0Cl,y, ~0.321E-01,
—~0e1436E400; -041502E400, —J.2038E400, ~0.2556E420y ~0. 2557E+00,
—Ce3213E+00y -0e3639E+0UDy —Ue392E+00y ~0e4334E+CIy ~(a4T73E+0D,
~045248E+30y -0.5738E+03, ~Ce&19BE+0uy —0.56671F+50y -0, 7109E+00,
~3e7563F400y ~0.7898E+00, —06831TE4+00y —048794E+00, —0s9277TE+00,

~0e97G3E+0D,

~-J.13269E+31,

—(0.10806E+01,

-0411347£+01,

~0s11823E+31,

—0e12238E+01, —0s12779E+01, —0.13155E+#01y —0s13722E#J1ly -0,154393E+01,
=0 150126401y -0o15563F+01y -Cal6263E+01y, -0,16848F+01, —0.17368E+J1,
—Jel17926E¢01y ~0.18109E401y ~0418263E431ly -UelB841TE+0Lly -0619495E401,

~0e1846E+01y ~0e1B313E+01ly ~0,1B083E+21l, ~0.177BBE+0ly ~0.17413E+D1,

~0616517E+01,
~0e12747E401,

—0e 16446E+Q],
~0e12933F+01,

’0.159185"011

~0e15333E+01,

~0el14644E401,



NKR

NMAT

IFLAG

KO
KLOSE

$END

SNAMY
NKR

R

$END

= 10,

= 0«0y Qe 1E+30, Qe4E

Uol4F+31,
= 157,
= ]_'

= Js1E+01,
Ce LE+C1,
DelCt0l,
Oe LE+DL
O« 1E+J1,
Je 1E+U1,
DelE+ 0L,y
JelE+D1y
Qe 1E+I1,
OelE+dl,y
QelE4+C1,
0e1lE+01,
UelE+C1,y
Ue 16401,
O« 1E+UL,
DelE+01,
0.1E401,
Je1E+01,
0e1E+QO1,
0. 1E+01,
Qe 1E+D1,
Qe 1E+UL,
OelE+C1,

= 4,

= 1,

0s 15E+31,

Ce LE#21,
Je 1E+J1,
O. 1E+01,
O0.,1E+01,
Oe LE+D1,
Oe LE#D1,
De LE#01,
Os LE+J1,
0o LE+0 1,
Do LE+D1,
Ve LE+OL,
Oe LE+01,
Je 1E4+D1,
Jo LE+D1,
CGelE+U1,
0s1E#D1,
O, 1E+Q1,
Je 1E+D1,
DNelE+D1,
0o LE+D1,
Je1E+D],
CelE+J1,
Qs 1E+01,

APPENDIX C - Continued

+00, 0. 6E+00,

Je 16E+C1,
JelE+J31y Da1E+{01,
CelE+0ly DelE+01,
O«1E+01y D.1E+40ly
JolE*D1l, 0.1E+0l,
Oe lE+D1, Oe 1E+D1,
JelE#DL, 0. 1E+21,
OelE+0Lly Do lE+UL,
J.1E401y QelE+CLy
Je1E#021y OJe1lE+D1,
Oe1E+01y Oa41E+01l,
JelE+J1ly O0.1E#+01,
DelE+01, Qo 1E+01,
0.1E+01, 0O.1lE+Cl,
CelE+01y DelE+J1,
DelE#DL, Do lE+01,
JelF#+01, Js1E+0C1,
0«1E401y O.1E+01,
DelE+3Tly, De lE#CL,
Je1E401y CelE#UL,
Js1E+01, 0.1E*01l,
Je1E4+Qly 0. 1E#01,
JelE+J1y OulE#31,
DelE401,

The additional input junction values for

= 10,

0. 14E+01,

Ca0y 0.1E+00,

C.15E401,

0.4E+00y
0.16F+Cl,

0.6E+00,

The output for this case is as follows:

0e BE+00,

0.8E+COy
0.,17114CT73E+01,

Oe 1E+0 1,
De 1E#+01,
Os 1E+C1,
DelE+D1,
Oe 1E+J1,
Je IE+01,
Qs 1E 401,
Oe 1E+Q1,
Je 1E4CL,
Qe lE+01,
0. 1E#01,
Oe1E+01,
Oe LE+UL,
Ce lE401,
Je 1E+01,
Ge lEtUL,
Ve 1E+01,
Qe LE+(1,
CelE+U1,
Oe 1E4+01,
Qe lE+I1,
De 1E+C1,

0.1E+01,
Qe 1T114073E4+01,

O0e12E+01,
JolE4#01y Oe1E#+21,
Os1E+01, O.1E%01,
0.1F+01,y Q. 1E+31,
0.1E#+01,y JelE+D1y
OelE+Gly DelE+D1,y
Je1E+01y Qe1E+D1,
O0.,1E401, OelE+01,
Qe lE+Ql, JelE+21,
0,1E+31y NelE+01,
00 1E+01, 0Oe1FE+01,
JelE+01, 0. 1E%D1,
0 1E4G1ly  DelE+31,
Ds1E+01y Qe1E+01,
Ua1E401, DJelE+D 1,
DalE+Gly O0Qo.1E¢21,
OealE+01ly 041E+01,
JelE+01, Ja1F#+01,
JelE+01, CalE+D ],
D.1E+#01, 0Q.1E401,
Os1E+01y Qe1E+01,
DelE+01, CelE+Ol,
N1E+01, D.1E+01,

SA y(t) are as follows:

0.1E+01,

0.12E+4C1,
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APPENDIX C — Continued
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APPENDIX C — Continued

T X Y COMPUTED X COMPUTED Y RES X RES Y

O« ~Le31E+00 —1.30E+00 -1.26E+00 —1.29E+00 5.81E-02 6.92E~-03
Le41E~02 —-1.41E400 —1.22E+400 —-1.30E+00 —-1.21E+400 1.02E-01 1.68E-02
1.8lE~02 ~1.46E+400 -1.19€400 -1.33€400 -1.,19E+00 1.32E-01 1.11E-04
3.66E-02 ~1.57E+00 -1.11E+00 -1.46E+00 —~1.10E+00 1.16£-01 1.03E-02
5.40E-02 —1.69E+00 ~1.05E+00 —1.62E+00 ~1.04E+00 6.99E-02 9.36E-03
6,756~02 -1.79E+00 ~1.00E+00 —-1.76E+00 -1.01E+00 3.09E-02 3.79E-03
8+55E-02 ~1.91E+00 =~9.,43E-01 ~1.96E+00 -9.62E-01 4.86E-02 1.85E-02
1.06E-01 —2.04E+00 ~8.83E-01 —2.18E+00 -9.,12E-01 1.40E-U1 2.91E~-02
Le20E-01 —2.15E+00 ~8.36£-01 —2.32E+00 -8.756-01 1.68E-01 3.93E-02
10 l.41E-01 -2.29E+00 -7.82E-01 -2.51E+00 -8.15E-01 2.19E-01 3.26E-02
1l 1.65E-01 -2.43E+00 -7.28E-01 -2.69E+00 -7.38E-01 2.54E-01 1.05E-02
12 1.83E-01 -2.56E+400 ~6.85E~01 —-2.79E+00 -6.80E-01 2.36E-01 %.87E-03
13 2.01E-01 —-2.69E+00 -6.40E-01 —2.89E+00 -6.12E-01 2.02E-01 2.72E-02
14 2.27E-01 —-2.84E+00 —5.84E—-01 —2.98E+00 -5,126-01 1.49E-01 7.16E-02
15 2.44E-01 -2.96E+00 ~5.356~01 —3.03E+00 -4.40E-01 6.93€E-02 9.58E-02
16 2.62E~01 -3.08E+00 -4.82E-01 -3.05E+00 -3.57E-01 3.03E-02 1.25E-01
17 2.70E-01 -3.16E+00 -4.44E-01 —-3.06E+00 -3.20E~-01 1.06E~01 1e.24E-01
18 2.79E-01 -3.24E+00 -3.93E-01 -3.06E+00 -2.76E-01 1.88E-01 1.17E-01
19 2.87E-01 —3.30E400 -3.29E-01 -3.05E+00 ~2.40E-01 2.48E-01 8.94E-02
20 2.98E-01 —3.34t+400 -2.29€E-01 -3.04E+00 -1.83E-01 2.96E-01 4.59E-02

V@ ~NCW S wNre

. » . . - . -

147 1.57TE+00 -2.77c-0U1 —1.83E+00 -2.53E-01 -1.83E+00 2.39E-02 3.45E-03
148 1.59E+4U0 -4.00E~-01 ~1.81E+00 —4.03E~-01 -1.80E+00 2,75E-03 1.10E-02
149 1.60E+00 -5.17E-01 ~1.78E400 -5.41E-D01 -1.T6E+00 2.31E-02 1.56E-02
150 1.61lE+00 —-6.30E-01 ~1«74E400 ~6.70F—-01 —-1.73€+00 3.93E-02 1.54E-02
151 1.63E400 —7.50E-01L -1.69E+00 -8.14E-01 -1.68E+00 6.40E-02 1.64E-02
152 1.64E+400 -8,42E-01 ~1.64E+00 —8.99E-01 ~1.64E+00 S.TLE-02 5.526-03
153 1.65E+00 -9.32E-01 -1.59E+00 -9.79E~01 -1.60€E+00 4.76E-02 6.28E-03
154 1.66E+400 -1.02E+#00 -1.53E+00 -1.05E+00 -1.55€+00 3.436-02 1.76E-02
155 1.68E+00 ~1.11£+00 ~1.46E400 —~1.13E400 -1.49E+00 1.84E-02 2.33E-02
156 1.70£+00 ~1.23E+400 ~1.37E+400 ~-1.22E+00 -1,38€E+00 5.11E-03 2.82E-03
157 1.71E+00 -1.31E+400 -1.30E+00 —1.26E+00 ~1.29E+00 5.8l1E-02 6.92E-03

MAXIMUM RESIDUAL = 3.0704053E-01

A better fit can be realized by changing the joints for S Ax(t) to the following
values:

NKR = 20'
R = Qo0y 0.2BE+00y, O0.25E¢00, O0.28E+00, O0.3E+CCy O0.22E4+00y O0.36E+00D,
0.5640Cy, O0.TE+0C, O0.875E+00y, 0.89E+0Cy 0C.91E+0Cy 0.1E+01,

0.1C9E+01ly 0.111£+401y 0.112E+#01y C.116E+C1l, 0.124E+01,
C.128E+Cly 0.149E+01, 0.17114073E+01,

and changing the joints for S Ay(t) to the following values:

NKR = 27

o
(]

0.0y C.2E+00y 0.25€400y O0.28€400y OQ.2E+00y 0.22E+00, O0.38E+00,
C.44E+00y 0 .48E+CCy O0.52E+CCy O0.6E+00y O0.7E+00y D.84E+00,
C.S6E+CCy (0.104E+01, O©.11E401, 0.113E+01y, O0.116E+01, O0.12E#01,
0,124E+01y 0,132E+01y O0.128E401, C.144E#Cly, 0.15E+01,

Ce154F+01y ©0.162E+01ly O0.1€69E+01, 0.17114073E+01,

The output with these improved spline curves is as follows:
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s
- NUMBER OF CURVES = 20 ENDPOINTS AND JUNCTION POINTS =
5_:_ 0.0000 .2000 .2500 .2800 .3000 .3300 .3600 .5000 .7000 .8750 - .8900 .8100 1.0000
E 1.0800 1.1100 1.1300 1.1600 1.2400 1.3800 1.4800 1.7114
yl=
- Legend
- Data points b4
E Spline function _
3 Joints ‘
2f—
1=
o
..1:_
_2:_
_3'__'_
-‘&;HHHH EERERERERRERENRNEN IHIHHIllllHlIllilIHIHH,HIIHIH!IHIHH[[HIIHIH HIHIHI]
0 .2 4 B .8 1.2 1.4 1 1.8
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Legend
Data points X
Spline function

IIIHIF|HHIHH’IIII[lﬂT‘HTHIHllHHIHH‘HTIHTHIH|IIII!IlIHIIWH]THHHHIIHHHHl

LT
&
o
'L
Q
pa
n
w
=
[#1]
o

X VALUES



O~ 0w e

147
148
143
150
151
152
153
154
155
156
157

0.

1.41E-02
1.81E~02
3.66E-02
5.40E~-02
6.7SE-02
8.55€E-02
1.06£-01
1.20E-01
le4lE-O1
1.65E-01
1.83E-01
2.01E-01
2.27E-01
2.44E-01
2.62E-01
2.7T0E-01
2. 79E~-C1
2.87E-01
2.988-01

1.5TE+00
1.59E+00
1.60€+00
L.61E+00
1.63E+00
1.64E+00
1.65E+00
1.66E+00
1.68E+00
1.70E+00
1.71E+400

X

—1.31E+400
—1l.41E+00
~1.46E+00
-1.57E+00
~1.69E+00
~1.79E+00
-1.91E+00
—2.04E+00
—2.15E+00
—2029E+0D
—-2.43E+#00
-2.56E+00
=2+ 69E+00
—2..84E+00
—2+96E+00
~3.08€£+00
-3.16E£+00
~3.24E+00
-3.30E+00
-3, 34E+G0

—2.77-01
~4.00€E~01
-5.17E-01
-6, 30E-01
-7.50E-01
-8.42E-01
-9.32E-01
-1.02E+00
~1.23E+00
-1.31E+00

MAXIMUM RESIDUAL =

APPENDIX C = Continued

Y COMPUTED X

~1.30E+00
-1.22E+00
—1.19E+00
~-1.11E+00
-1.05E+00
-1.00E+00
-9.,43E-01
-8.83E-01
-8.36E-01
-7.82E-01
-7.28E-01
-6.85E-01
-6 ..40E-01
-5.84E-01
~5.35E-01
-4.82E-01
~4.44E-01
-3.93e-01
-3.29E-01
—2.29E-01

-1.83E+00
~1.81E+00
-1.78E+00
-1.74E+00
—1.69E+00
—10646*00
~1.59E+00
-1.53E+00
-1.46E+00
=1.37E+00

-1,33€400
-1.42E+00
-1.45€+00
~1.57E+400
‘1'695*00
-1.78E+00
—~2.05€6+00
~2+14E+00
~2+.29E+00
=2 45[‘*00
-2.56E%00
~2. 68E+00
~2,83E+00
~2.95E+00
~3.10E+00
_3.16E*00
~-3.24€+400
~3.30E+00
~3.34€£+00

~2. T4E-01
~4.00E-01
~5.17E-01
~6.29E-01
-7.60E—01
-9.24t-01
~-1.01E+400
-1, 10E+00
-XQZQE*OO

COMPUTED Y RES X

~-1.30E+00
-1.22E+00
‘1.20E+00
—10125+00
-1.05E+00
-9.99E-01
-9.39€~-01
-8.78E-01
~8.40E-01
-7.86€E~-01
-7.27€-01
~6+.86E-01
-6.42E~-01
-5.T78E-01
-5434E-01
‘4.84E-Ol
-4,52E-01
-3.94E-01
-3.28E~-01
-2.06E-01

-1.84E+00
-1.81lE+00
-1.78E+00
-1+ T74E+00
-1.68E+400
—1.64E+00
—-1.59E+00
-1.54E+00
—-1.47E+00
-10376*00

-1.30E+00 —-1.33E+00 -1.30€+00

5.4167443E-02

1.65E-02
1.39€-02
1.11E-02
4.34E-03
3.7TLE~03
1.50E-02
1.02E~02
3.39E-03
3.60E-03
1.95E-03
1.89E-02
5. 7803
T.94E~03
3.10E-03
8.58E-03
1.44E-02
9-[4E‘04
3.25E-03
5.59E-03
2. 46‘:“03

-

3.26E-03
3.16E~04
7.35E~04
1.38£~03
1.01E~02
8.97E-~06
T.94E-03
1.34E-02
1.03E~02
1.73E~02
1.65E~-02

RES ¥

3.05E-03
1.57E-03
4.32E-03
546E-03
3.61E-03
3.97e-03
4.48E-03
4.19E-03
3.69E-03
6.44E-04
1.67E-03
2.07E-03
6.,01E-03
1.13e-03
2.56€E-03
7.97£-03
5.70E-04
1.08E-03
2.28E-02

3.88E-03
4.41E-03
2.93&'03
9.19E-04
8.52E-03
4.83E-03
60476"0‘0
4.47E-03
6032E"03
7117E~-03
3.05€E-03
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Case 3

Case 3 is a parametric algorithm, arbitrary curve.

for Saklt) is as follows:

APPENDIX C -~ Continued

The input with junction points

$NAM]L
X = =0e1263E+01ly; —0.122072E+01ly —~0e4117843E+01y —0.113614E401,
~0.106383E401y -0e10515E401ly —04100915E401y ~0.96676E4+00,
~0e$2634E4+00, -0,8B189E+00y -0.83938E+00, -0479683E+00, -0.75423E+00,
~0e71156E+ (0, —0,66883E+00y —0s62603E+00, —-0458316E+400y —0454021E+00,s
—0e49719E+00y —0o45412E+30y ~Coat1104E+00, —0436T95E+00, -0.32489E+00,
~0e2818GE+00y ~0.23896FE+00, —0e19613E4+00, ~0s15343FE+00, —-0.11088E+00,
~(0e6851E-01, -0s2634E~-01y 0,1561E-01y 0.,5731E-01ly 0.9873E-01,
0e13G86E+00) 0s18067E+00y 0.22124E+00y 0e26166E+00y 0430202E+J0,
Ce34242E+00, 0038295E+00y D00423TE+00, 0e46477E+00y 0.,50625E40D,
0e54824E+20, 0.59082E+00y D.6341E+00, 0.67816E+00y 0.7231E+00,
Oe T6901E+00, 0.81599E+00,y 0e86401E+00s 0e90429E¢00, 0.91447E+00,
0e 8948BE+00y De8T221E+00, 0.85497E+00y 0.84167E+00, 0,82972E+00,
0o81¢2E400y Q,79989E+00y 0Q.78051E+00, 0e75792E+00, O0.73271E+00,
O TUSTLE#OCy CUebTTTSE+0Dy  0e6496TE+00, 0e62229E400, 0059644E+00,
0e5T297E+00, 0055253E+00, 0e53474E+00y 0.5188E+00y 0,50396F+00,
Ce&48942E 400, 0,47442E+00y 0.45816E+00y, 0e43938E+20, 0441878E+D0,
0039439E+00, 0,37277E+00y 0.36649E+00, 0,38424E+20, 0.41364E+00,
043579600, 0,43654E+00y 0e4lT7TE+00, 0e3B47E#00, Ca34252E+00,
Ca29646E+00, 0e2510TE+00y Ds2086E+G0, 0e.17075£+00y 0.13925E+00,
Del147E+00y 0e94E-01y
Yy = CeOr ~Ue19E-03y —0e36E-03, ~De5F~03y ~0eb61E~03, ~0e465E~-03,
~0e62E-03y —0651E-03; ~043E-03, 0,3E-0C4, 0049E-032, 0.109E-02,
0e185E-02y 04278E-024y Ce3B9E-02y 0e521E-02, Lo b6T4E-02,
De85E~02y 0s1045E-01ly Ge1256E~0ly D414T1E~01l, 0Q.16%96E-01,
0e1893FE-01y 0,2085FE-0l, 002254E-01y 0e2393E-01, 0.2496E-01,
0s2554E-01y 0.2562E-01y 0.2511E-01y 062395E-01y 0e62206E-01,
061937E-01y 0,1581F-01, 0.1135E-01y 0.618E-02y 0.56E-03,
—(0e521E-02y ~0e1089E-01y -041618E~01y —062082E-01y -D0e2454E-0Cl,
—0e2T36E~C1ly ~0e2811E~-01, -042741E-01y -0s24TE-N1y -0.197E-01y
—0e1214E~01ly ~06175E-02y 0Qell76E~01ly 042867E~0ly 0e5103E-Cl,
0e83556~01y DJe1242TE+00s 0.16399E+00, 0.2014E+00, 0.23937E+00,
0e285T4E+00, 0603274E+00y; 0,37205E+00y 0440202E+00y 0.406T76E+00,
0. 398912E+C0y 0e35237E¢00y 0.30578C+00y 0e2546E+00y 0,20512E4+00,
0e16359E+00, 0013628E+400y 0012845E+00, 04139256400y 0416554E+00,
De20418E407, 0s25203F+0Cy; 06305956400y 063628E+00y 04419445400,
De4T72T1E+00, »51962E+400y 0e55997E+C0y; De59635E+400y 0.6313E+00,
De66623FE+00, CeT70223E+00,y, 0473973E¢00, 0.77696E+00y 0.81168E+00,
De84165E+00y 0s86463E+400y 0.87984E4¢00y 0e89169E+00, D4905T7E+0D,y
0492776400y 0s96068E+00y 0elE+01y
NKR = 9,
R = 0.0, 0025‘011 Oo‘fE“Ol' J.éE‘Ol, OQBE"OIQ ODIE"OOQ 0. IIZE*OO’
Oel4E+00y 0.16F+00,; 001797541E+00,
NMAT = 95,
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~403068635331688597,

—0e58%44216614664E-07,
Ce24645084938579~- 104,
-0026496288110192-168,
~0e91865312533783+137,
0.13757355873905-275,
0e4910452888251-219,
0652424271680201-219,
0654084143079047-219,
~0e59272771575679E-0Q7,
0611730037971322-275,
0013228490334101-275,
0413186622350189-275,

0e11527306719054-275,
~-0s173652046376G3~-163,
0.25929515873337~-229,
-0e13142742952639-200,
0,47168012250524-219»
Jo 49934464581 933-219,
0051870981213919-219,
Ue54914078778469-219,
0.11527306719054-275,
~0e90457929503658E-12,
-0+45119336581121E~12,
-0e15521444967826+4145,
- 0904561 94780182E-12y -0,3B071476425322-125,
~0e45119336581121E~12y ~Ue60630411753296+142,
-0e90454807001401E~12y -0,38071476425322~-125,
—0e45119336581121E~12y -0623683663711337+140,
—009045341922262E-12y -0s38071476425322-125,
~0e45119336581121E-12y -0.92513556373211+137,
—0e90451684499144FE~-12, -0.38071476425322-125,
—0.45119336581121E-12, —0e39734289442987+147,
-0415521147254684+145y 0.11730037971322-275,
~Ce38BLT71476425322-125y 0.13228460334101-275,
-0490453296720364E-12y -0+38071476425322-125,
-0445119336581121E-12y —0.60629248811337+142,
—0090447174218107E-12y —-038071476425322-125
~0e45119336581121E-12,y ~0.23683209437134+140,
-069044€133384021E~12y -0.38071476425322-125,
—0e4511933658L121E~12y -0492512181864607+137,
~0e9044474560524F-12, -0.38071476425322-125,
~0e45119336581121E~12y -0639733527297344+147,
~0e15412913210712¢145y 0.76435957915019+299,
0010996484795022-123y —0.59196601394405€E-07,

4y

Oy

—0423553149769543+140,
-0.35884981876725+135,
-0¢4043010315618~-173,
0.20445924810045-231,
0.48274593183088~219,
0.50764400281356-219,
0453254207379624-219,
0+ 54914078778469-219,
-039735813734271+147,
-0 38071476425322-125,
~0e59272316828328E~07,
0. 11730037971322-275,
0. 13228490334101-275,
0.11730037971322-275,
0.13228490334101-275,
0.11730037971322-275,
0.13228490334101-275,
0.11730037971322-275,
0.,13228490334101-275,
0.11730037971322-275
~0.90448561996888E-12,
-0045119336581121€-12,
0.13228490334101-275,
0,11730037971322-275,
0.13228490334101-275,
011730037971322-275,
0.13228490334101-275,
0.11730037971322-275,
0613228490334101-275,
0.11730037971322-275,
-0.35884771720364+135,

additional input junction values for S Ay(t) are as follows:

9
CeDsy 0e2FE-0ly DJs4E-01, Je6E-01ly 0De8E-01y
0o14FE+00y 0.16E200y, 061797541E+00,

The output for this case is as follows:

GelE+00y Do0112E+)30,
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T X Y COMPUTED X COMPUTED Y RES X RES Y

[V ~1l.26E+00 Q. =1.26E+00 2.31E-03 8.47E-04 2.31E-03
1 T9E~03 ~1.22E+00 ~1.,90E~04 —1.22E400 -1.25E-04 2.74E-05 6.45E-05
3.586£-03 ~1.18E+00 -3.60E~04 —1.18E+00 -1.688-03 4.85E-04 1.32E-03
5+36E-03 ~1.14E400 —5.00E~04 —1.14E+00 —~2.48E-03 7T.22E-04 1.98£-03
T.15E-03 ~1.09E+00 -6.10E-04 ~1.09E+00 -2.64E-03 T.47TE-04 2.03E-03
8.95E-03 ~1.05E+00 -6.50E~04 —1.05E+00 -2.27E-03 6.01lE-04 1.62E-03
L.07E-02 ~1.01E+00 -6.20E~-04 —1.0lE+00 ~1.50E-03 3.28t-04 B8.76E-04
1l.25€6~02 ~9.67E~01 -5.10E~-04 -9.67E-01 -4.35E-04 1.15E-05 7.49E-05
1.43€E-02 ~9.24E-01 —3.00E-04 —9.25E-01 7T.93E-04 3.82E-04 1.09E-03
10 1.61E-02 -8.82E-01 3.00E-05 —8.83E-01 2.07E-03 7T.41E-04 2.04E-03
11 1.79E-02 -8.396-01 4.90E-04 -8.40E-01 3.26E-03 1.01E-03 2.77E-03
12 1.9BE-02 -7.978-01 1.09E-03 —-7.98E-01 4.26E~03 1.17E-03 3.1T7E-03
13 2.16E-02 -7.54E-01 1.85E~03 -7.55E-01 4.96E-03 1.17£-03 3.11€£-03
L4 2.34E-02 -T.12E-01 2.78E-03 ~T.13E-01 5.39E-03 1.00E-03 2.61E-03
15 2.52E~-02 ~6.69E-01 3.89E-03 -6.70E-01 5.66E-03 7T.03E-04¢ 1.77E-03
16 2.71E~02 —6.26E-01 5.21E-03 —-6.26E~01 5.84E-03 2.97E-04 6.34E-04
17 2.89E-02 -5.83E-01 6.74E-03 —-5.83E-01 6.05€6-03 1.86E-04 6.89E-04
18 3.07E-02 -5.40E-01 8.50E-03 -5.39E-01 6.38E-03 T.26E-04 2.12E~03
19 3.26E-02 —4.976-U1 1.05E-02 -4.96E-01 6.92E-03 1.286-03 3.54E-03
20 3.45E-02 ~4.54E-01" 1.26E~02 -4.52E-01 7.78E-03 1.77E~-03 4.78E-03

O @ W p N~

. . . . - - .

85 1.59E-01 4.37E~01 T.40E-01 3.92E-01 7.72E-01 4.44E-02 3.19E-02
86 1l.6lE-0L 4.18E-0l 7.77E-01 3.81E-01 7.98E-01 3.71E-02 2.10E-02
8T 1.63E-01 3.85E-01 8.12E~01 3.61E-~01 B8.22E-01 2.34E-02 9.92E-03
88 1.66E-01 3.43E-01 8.42E-01 3.32E-01 8.39E-01 1.01&£-02 3.02E-03
89 1l.69E-01 2.96E-01 B8.65E~01 2.97E-01 8.51E-01 4.07E-04 1.34E-02
90 Ll.7lE-01 2.51lE-01 8.80E-01 2.60E-01 8.64F-01 9.16E-03 1.57E-02
9L 1.73E-01 2.09E-01 8.92E-01 2.25E~01 8.80E-01 1.61E-02 1.15E-02
92 1 75E-01 1.71E-01 9.06E-01 1.92E~01 8.99E-01 2.08E-02 6.29E-03
93 1l.76E-01 1.39:-01 9.28E-01 1.59E-01 9.23E-01 1.97E-0Z2 4.80E-03
94 1.78E-01 1.15E-01 9.61E-01 1.18E~01 9.58E-01 3.66E-03 2.26E-03
95 1.80€-01 9.40E-02 1.00E+400 6.65E~02 1.0lE+00 2.75&£-02 1.40E-02

MAXIMUM RESLDUAL = 1.0569066E-01

A Dbetter fit can be obtained by changing the joints for Sp(t) to the following
values:

NKR = 26y

R = Qe0y DTe4E-Jd1ly Deb6E~01ly 0e64E-01y CoT74E-01ly 04 86E-01y 0.96-01,
0e94E-01y Jo98E~0ly 0.102E+00y 0.106E+00y D0e129E+00, 0.112F+00,
0s114E+030, 0012E+00y 04124E4+00, 0.126E+00, 0.128E+00,

Jel32E40), 0e138E400, 0.148E+00y Qe152E+00y 0O.156E+00,
Gel6E#00, DJ,164E#30y 0.172E+00y 0.1797541E%20,

and changing the joints for S Ay(t) to the following values:

NKR = 22

R = 0.0' 0.758"017 OOBE"‘Ol’ 0.B5E‘01' Oogﬁ"oly Oo 94E"01! 0.96E-3h
GelE+00y CelOBE+00,; 0Os109E+00, O0Oe¢111E+00, O0.112€400y, 0J.118F+00,
0e124E+00y 04126E+00, 0.127E400» 0.128E+00, 0. 1326400,
0el42E+00, 0Oel5€+00, O04,16E+300, UTel7E+00, 0V,1797541€+00,

\

The output with these improved spline curves is as follows:

(i
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